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INTRODUCTION

Microorganisms dominate the abundance, diver-
sity and metabolic activity of the ocean and regulate
important biogeochemical pathways that involve the
global carbon cycle (Azam & Malfatti 2007). Conse-
quently, microbial processes are represented in
numerical models used to analyze global carbon
cycle–  climate feedbacks and how marine eco -
systems respond to environmental gradients in e.g.
temperature, stratification, and nutrient regimes
(Fasham et al. 1990, Boyd & Doney 2002, Schmittner
et al. 2005, Behrenfeld et al. 2006, Sarmiento & Gru-
ber 2006). Concerns have been raised against the

aggregation of the microbial diversity into a few
functional groups in such models (Anderson 2005,
Follows et al. 2007, Franks 2009) and a ‘trait-based’
approach has recently emerged to increase the
microbial resolution in ocean models (Follows et al.
2007, Litchman et al. 2007, 2010, Barton et al. 2010).
A general challenge in ecological modeling, particu-
larly in the trait-based approach, is how to parame-
terize organism traits, their plasticity, trade-off con-
flicts, and their relationships with environmental
variables, such as temperature and nutrient regime.
E.g. phytoplankton appear to have the ability to
adjust their transporter systems according to the
nutrient regime (Dyhrman & Palenik 2001, Song &
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Ward 2007, Franks 2009) and trait-based modeling
acquires parameterization of such plasticity.

Ocean ecosystem modeling follows a general
frame work (e.g. Fasham et al. 1990, Sarmiento &
Gruber 2006) where the rate of change in tracers
such as nutrients and phytoplankton are described
by equations that account for transport (advection
and mixing), sinking due to gravity, and biological
sinks and sources. Omitting the transport terms, the
local rate of change of a microbial state variable is
expressed as dB/dt = (g – m)B, where B is biomass, t
is time, g is the source (instantaneous growth rate)
and m is the sink (instantaneous mortality rate).
Here, g = gmax × LIM where gmax is the maximum
growth rate (commonly assumed to be temperature
dependent) and LIM is a dimensionless quantity
between 0 and 1 that expresses the degree of limita-
tion from one or several environmental variables
such as light and nutrients. If we consider just one
limiting nutrient, represented by the ambient nutri-
ent concentration (S, mol m–3), the standard repre-
sentation of limitation (Monod 1949) is LIM = S/(Kg +
S), where Kg (mol m–3) is the half-saturation constant
for growth. At the time scale of microbial doubling
time, ln(2)/g, growth and nutrient uptake rates are
connected, and in ocean ecosystem models the half-
saturation constant for growth rate is commonly not
differentiated (Sarmiento & Gruber 2006, Franks
2009, Barton et al. 2010) from the half-saturation con-
stant (K) for nutrient uptake that is expressed in
the Michaelis Menten (MM) equation (Michaelis &
Menten 1913, Briggs & Haldane 1925, Dugdale 1967)
for nutrient uptake rate (V, mol m–3 s–1):

(1)

where Vmax is the maximum nutrient uptake rate. 
This equation has been applied extensively in

experimental (Dugdale 1967), theoretical (Tilman
1981, Weitz et al. 2005, Armstrong 2008) and model-
ing (Sarmiento & Gruber 2006, Franks 2009, Barton
et al. 2010) studies over the last 50 yr to describe the
relationship between nutrient uptake rate and the
ambient nutrient concentration. In ecological model-
ing, K (the ambient nutrient concentration at half the
maximum uptake rate) often appears as an invariant
trait of a microbial species or of a functional group
(Tilman 1981, Sarmiento & Gruber 2006, Franks
2009, Barton et al. 2010). This is in contrast to Vmax

and gmax, which are often assumed to be temperature
dependent.

The ambient nutrient concentration is character-
ized by a single quantity (S) in the MM model (Eq. 1),

and K is commonly measured in bulk experiments,
i.e. where S is measured at a scale much larger than
that experienced by the organisms. Microorganisms,
however, would in general be surrounded by a boun -
dary layer with decreasing nutrient concentration
towards the cell due to diffusion-limited flux through
this layer (Munk & Riley 1952, Jumars et al. 1993,
Falkowski & Oliver 2007). The net flux (J ) of nutrient
molecules towards a spherical cell that is diffusion
limited is expressed by (Pasciak & Gavis 1974, Berg &
Purcell 1977, Jumars et al. 1993):

J =  4πDr(S – Sr) (2)

where D (m2 s–1) is the solute’s molecular diffusion
coefficient, r is cell size (radius, m), Sr is the nutrient
concentration at the cell surface. Standard use of the
MM equation in modeling, but also in experimental
work, does not resolve the boundary layer, which
means that K is defined by S instead of Sr as the ref-
erence concentration. An implication is that a mea-
sured K will, in addition to microbial traits, reflect
properties that determine the nutrient transport
towards the cell, e.g. molecular diffusion and thereby
temperature (Aksnes & Egge 1991, Jumars et al.
1993). The assumption of invariant half-saturation
constants for functional groups and species in models
where environmental variables such as temperature
are temporally and spatially heterogeneous might
therefore be inappropriate (Aksnes et al. 1995, Smith
2010). Another related concern is that values of K
tend to vary substantially, both in experiments (Har-
rison et al. 1989, Button et al. 2004) and in models
(Franks 2009). In 10 recently published ecosystem
models, Franks (2009) found that variation of >2
orders of magnitude in K was applied for similar
functional groups of phytoplankton, and questioned
whether the MM equation is the best representation
of nutrient uptake in ecosystem models.

There have been several studies (Pasciak & Gavis
1974, Armstrong 2008, see also references in Jumars
et al. 1993) where the MM model has been com-
bined with diffusion limitation to describe microbial
nutrient acquisition. The model of Pasciak & Gavis
(1974) (PG), which was revisited by Armstrong
(2008), assumes the modified MM equation for the
nutrient uptake rate: V = Vmax × Sr /(Kr + Sr ) where
Kr is the half-saturation constant with Sr rather than
S as the reference concentration. Since the flux J
(Eq. 2) corresponds to V, equating V with J provides
the quadratic expression that connects Sr and S: 
Sr

2 + (Vmax/(4πDr) + Kr – S)Sr – KrS = 0. This result
has not been utilized in ecosystem modeling, and
Armstrong (2008) suggested that this might be due

V V
S

K Smax=
+
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to the inconvenient algebraic expression for V.
Another concern is that the mechanistic interpreta-
tion of Kr, like K, is not trivial. Kr is according to
Armstrong (2008) given by Kr = (ah)–1 (Kr is denoted
kp in Eq. 2 of Armstrong 2008) where a is the acqui-
sition rate of a porter at the cell surface and h the
time period that is needed for a porter to absorb a
nutrient molecule. The acquisition rate can be fur-
ther decomposed (Aksnes & Egge 1991, Armstrong
2008) into the area of a porter (A, m2) and a velocity
component (v, m s–1). This velocity component cor-
responds to a mass transfer coefficient (Munk &
Riley 1952, Aksnes & Egge 1991) that is affected by
both microbial traits and environmental properties
in a way that is not straight forward.

Here, we combine results from previous studies
(Berg & Purcell 1977, Zwanzig 1990, Aksnes & Egge
1991) to derive a non-MM nutrient uptake model.
The inherent traits of our model correspond to those
introduced by Aksnes & Egge (1991). The substrate
concentration assumed in that study, however, cor-
responds to the concentration at the cell surface (i.e.
Sr) rather than the bulk concentration (S) that is
commonly observed in uptake experiments and
assumed in ecological modeling. We propose a
framework where nutrient uptake rate is derived as
a function of S and where inherent microbial traits
are explicitly distinguished from environmental
properties. In this framework both affinity and the
half-saturation coefficients emerge as apparent
microbial traits. Finally, we present and discuss
novel predictions on how nutrient uptake is affected
by organism size, porter density, temperature, and
nutrient regime.

THE MODEL

We consider microbial uptake for 2 idealized
nutrient regimes: the oligotrophic situation where
the ambient nutrient concentration is low (S → 0)
and the eutrophic situation that is high in nutrients
(S → ∞). We present a mechanistic model where the
uptake rate is a function of S as in the MM
equation, but with a different functional form.
Throughout this study, we assume a spherical
microorganism that lives in a medium where the
transport of nutrient molecules is governed by mole-
cular diffusion (Berg & Purcell 1977, Jumars et al.
1993, Falkowski & Oliver 2007) as expressed in Eq.
(2). The analysis can be extended to non-spherical
forms (Munk & Riley 1952, Armstrong 2008) but this
is not considered in the present study.

Uptake rate in the oligotrophic regime (S → 0)

The flux (J ) of Eq. (2) equals the uptake rate, and
the maximum diffusion-limited uptake rate, V =
Jmax = 4πDrS, is obtained for Sr = 0 (Jumars et al.
1993). This corresponds to a perfect sink where all
encountered nutrient molecules are absorbed imme-
diately. For such behavior the uptake rate can be
modeled V = αmaxS, where αmax = 4πDr (m3 s–1) is a
nutrient ‘clearance rate’ that is termed the maximum
affinity (Thingstad et al. 2005, Tambi et al. 2009).
Microbes, however, are not likely to be perfect
sinks. In the case of active uptake through porters at
the cell surface, only a fraction of the surface is cov-
ered by such porters (Berg & Purcell 1977, Jumars
et al. 1993, Button et al. 2004). In the case of diffu-
sion  limitation, theoretical studies have shown that
the chance of capturing a nutrient molecule is a
non- linear function of the porter number, and the
flux can be expressed as (Berg & Purcell 1977,
Zwanzig 1990):

(3)

where n is the number of porters of the cell, s is the
porter size (radius, m), and the factor (1 – p), where

was introduced (Zwanzig 1990) to correct for interac-
tion between porters.

We obtain an expression for the uptake affinity (α,
m3 s–1) by dividing Eq. (3) by S. In contrast to αmax,
this affinity resolves 2 microbial traits in addition to
cell size, i.e. the porter number and size:

(4)

Eq. (3) assumes that porters are always receptive
for uptake and therefore, like Eq. (2), predicts no sat-
uration in uptake rate with increasing S. This is rea-
sonable for low nutrient concentrations when the
time period between nutrient encounters at a porter
is much longer than the time it takes to absorb the
nutrient molecule. Thus, for the oligotrophic regime
(S → 0), V can be approximated by:

V(S → 0) =  αS (5)

More accurately this equation is valid for Sr → 0
which is less strict than S → 0.
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Uptake rate in the eutrophic regime (S → ∞)

As S increases, the uptake rate will be
increasingly constrained by cellular pro-
cessing rather than by diffusion-mediated
transport, and Eq. (5) becomes in crea sing -
ly inaccurate. Not only the porter number,
but also the handling of nutrient molecules
will now limit the uptake rate. The han-
dling time (h) corresponds to the time
period a porter is blocked and unable to
absorb additional nutrient molecules
(Aksnes & Egge 1991). This time period re -
flects a variety of cellular constraints such
as lack of transporters and other rate-limit-
ing steps of the cellular machinery. Thus,
such internal growth constraints are likely
to regulate nutrient uptake in this situation
through h (and possibly n). Nevertheless,
when all porters are blocked or inactive,
the uptake rate becomes independent of S,
but cannot exceed the quantity nh–1

(Aksnes & Egge 1991, Armstrong 2008).
Thus, for the eutrophic nutrient regime
(S → ∞), V can be approximated as:

VS → ∞ =  Vmax =  nh–1 (6)

Estimators of porter number and handling time

Eqs. (4) & (6) are useful not only in a theoretical
context but also in an experimental setting because
they are estimators of n and h from measurements of
α and Vmax (see Table 1). According to Eq. (4), mea-
sured phosphate affinity (Tambi et al. 2009) of the
bacterium Vibrio splendidus (r = 0.5 μm) suggests
that porters cover about 0.05% of the cellular surface
area (Table 1). Assuming a porter size of the order
1 nm (Berg & Purcell 1977), the measured affinity
provides an estimate of ~500 porters. To achieve a
doubling time of e.g. 1 h with this porter number,
Eq. (6) suggests that h must be <0.12 s (Table 1).

RESULTS

Uptake rate as a function of nutrient concentration

According to the considerations above, we derived
(see Appendix 1) an analytical expression for V as a
function of S (see Appendix 1). This model is consis-
tent with results for the 2 limits given in Eqs. (4) & (6),
and it also suggests a mechanistic interpretation of

the nutrient concentration at half the maximum
uptake rate (i.e. K, see Appendix 1). The derived
model is not of MM type, and Fig. 1 illustrates the
accuracy of 2 alternative MM approximations. In the
first approximation, we define the MM half-satura-
tion constant as the ratio Vmax/α, as commonly
assumed within a MM framework. This (i.e. Eqs. 4 &
6) provides 

In the second approximation, we use the analytical
expression for the half-saturation constant of the
uptake model: 

(see Appendix 1). MM approximations are now ob -
tained by insertion of these expressions in Eq. (1),
where Vmax = nh–1. The errors of the 2 approxima-
tions relative to the solution provided by the model in
Appendix 1 are illustrated by using the Vibrio splen-
didus estimates (Table 1). The maximal error of the
first approximation is about 6% at intermediate
nutrient concentrations (broken line in Fig. 1A). The
error of the second approximation is about 13% for
the low nutrient concentrations (solid line in Fig. 1A).
The error of both approximations increases with
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Value Unit

Measurements of V. splendidus (Tambi et al. 2009)
Cellular size, r 0.5 μm
Specific affinity, αspec 0.05 l nmol P–1 h–1

Phosphorus content of cell, Q 1.04 × 10–8 nmol P
Affinity (αobs = Q αspec) 1444 μm3 s–1

Assumed quantities
Molecular diffusion, D (Tambi et al. 2009) 1000 μm2 s–1

Porter radius, s (Berg & Purcell 1977) 0.001 μm
Minimal doubling time (Lmin) 3600 s

Estimates
Maximal affinity (αmax = 4πDr) 6280 μm3 s–1

Porter number (n)a 476
Fraction of surface covered with porters 4.8 × 10–4

Handling time (h)b 0.12 s

aThe porter number (n) was calculated from Eq. (4) rearranged to: 

where , αmax = 4πDr, and αobs (corresponds to α) is derived 

from the measured specific phosphate affinity, αspec. 
bThe handling time was calculated according to h = Lmin × n/Q, where
Q is the cellular biomass given as the number of phosphorus atoms,
and where we have assumed a doubling time (Lmin) of 1 h
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Table 1. Uptake traits for Vibrio splendidus
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increased porter density, with errors that might
exceed 50% when porter density is increased 10
times (Fig. 1B). At low porter densities (ns << πr), the
errors of the MM approximations diminish (not
shown). As will be discussed below, however, this
result does not warrant the assumption of invariant
K, independency of Vmax, and the extrapolation of
measured K values to environmental conditions other
than those occurring in the particular experiment.

Using the estimated traits of Vibrio splendidus
(Table 1) as baseline, we now present results on how
porter number, microbial size, and temperature are
expected to affect nutrient uptake in the oligotrophic
and the eutrophic regimes.

Effects of porter number and organism size on
uptake rate

For an organism of a particular size, our results
suggest that the benefit of increased porter number is
very different for organisms living in oligo trophic
(when α is rate limiting) and eutrophic (when Vmax is
rate limiting) environments (Fig. 2). This is because α
saturates for large n (Eq. 4), and Vmax increases pro-
portionally to n (Eq. 6).

Fig. 3 shows how different combinations of porter
density and organism size are expected to affect the
specific uptake rate (V/Q, where Q is the biomass of
the cell as defined in Table 1), which is a proxy for
growth rate. Each line represents a given porter den-

sity (i.e. n/r2 is constant) and indicates a decrease in
specific uptake rate with increased size (r), but where
the actual slope depends on the nutrient regime. It
also shows that the size-related decrease in specific
uptake rate is counteracted by increased porter den-
sity, and that this compensation is much more effi-
cient in the eutrophic than in the oligotrophic situa-
tion. Such combined effects of porter density, size
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and nutrient regime on uptake rates and ultimately
on the competitive ability of species are not readily
resolved within the MM framework.

Dual effect of temperature on uptake rate

Temperature is not explicitly expressed in our
model, but temperature affects molecular diffusion
and the cellular machinery. Molecular diffusion is
affected by temperature with a Q10 (the ratio
between rates obtained at 2 temperatures that differ
by 10°C) of about 1.4 around 10°C for rapidly diffus-
ing ions (Jumars et al. 1993). According to Eq. (4)
this particular effect of temperature on molecular
diffusion will also affect affinity. In addition, for
temperatures lower than the optimal temperature,
increased temperature in crea ses the growth rate,
and a Q10 close to 2 has been found for phytoplank-
ton maximum growth rate (Eppley 1972, Bissinger
et al. 2008). We can express this temperature effect
through Vmax, or equivalently through the handling
time, i.e. increasing the temperature causes an
increase in h–1 (Eq. 6) with a Q10 of 2. The dual
effect of temperature leads to the expectation that
the uptake rate for an organism should respond dif-
ferently to temperature changes in oligotrophic and
eutrophic environments (Fig. 4). Such interactions
between the temperature and the nutrient regime
are not contained in the MM model unless K is phe-
nomenologically assumed to vary with temperature
(in a different way than Vmax).

Half-saturation constant and uptake efficiency
increase with porter number

The analytical expression for the non-MM half-sat-
uration constant (see Appendix 1) provides testable
predictions on how K is expected to vary with prop-
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erties of the organism and the environment. Contrary
to the common interpretation, K can — according to
this expression — increase in parallel with increased
uptake efficiency at a low nutrient concentration.
Increased porter number (n) means increased uptake
efficiency, and because K increases with increased
porter number, K increases in parallel with increased
uptake efficiency. The same also applies to the MM
half-saturation (which is given by K = Vmax/α) (Fig. 5).

DISCUSSION

In a recent review, Azam & Malfatti (2007, p. 789)
stated: ‘Microbial oceanography is a field that is
caught between scales — microbial processes must
be un der stood at the scale of the individual microor-
ganism, but yet we want to understand the cumula-
tive influence of microbial processes on the ocean as
a biogeochemical system’. This multi-scale challenge
is particularly true for ocean ecosystem modeling.
Microorganisms interact with the ocean system at the
nanometer to the millimeter scale and processes at
these scales can obviously not be explicitly resolved
in models that couple microbial processes and global
ocean circulation models. Parameterizations are nev-
ertheless required, and it is important that they are
consistent with the small-scale microbial processes.

While the pioneering studies of Michaelis & Menten
(1913) and Briggs & Haldane (1925) represent a mile-
stone in the history of enzyme kinetics as the founda-
tion of the steady-state treatment of enzyme-
 catalyzed reactions (Baici 2006), we argue that
progress in microbial ecological modeling will bene-
fit from inclusion of microbial nutrient acquisition
traits beyond those offered by the current MM
framework. Such increased trait resolution also pro-
vides a  mechanistic interpretation of the MM half-
saturation constant, suggesting some constraints on
its use in a modeling context.

The half-saturation constant is redundant as an
index of uptake efficiency

Our results suggest that K likely increases with
porter density, which means increased rather than
decreased uptake efficiency (Fig. 5). This suggests
that the common interpretation of K as an index for
uptake efficiency at low nutrient concentrations is
misleading. But it is also redundant because α by
 definition (Eq. 4) is more appropriate (Healey 1980,
Aksnes & Egge 1991, Button et al. 2004), which sug-
gests that affinity-based uptake models (Aksnes et al.
1995, Smith et al. 2009, Thingstad et al. 2010) might
be preferable in ecological modeling. It can be noted
that affinity (α), according to Eq. (4), facilitates inclu-
sion of a simpler temperature dependency than K.
This is because α reflects temperature through mole-
cular diffusion, while K reflects temperature through
both handling time and molecular diffusion.

Apparent and inherent traits

Both K and α are affected by processes taking
place outside the organism through the solute’s mol-
ecular diffusion coefficient, and these quantities are
therefore expected to change without any change in
organism traits, which clearly means that they are
not inherent to the organism. In oceanography, the
differentiation between apparent and inherent opti-
cal properties is of fundamental importance. We
 recommend a similar differentiation to be made
 be tween apparent and inherent microbial traits. Our
results suggest that while K and α classify as appar-
ent traits, the quantities r, n, s, and possibly h are
inherent traits. Organism traits are characterized by
plasticity, and a priority in biology is to characterize
and understand such plasticity. To achieve this,
inherent traits are needed. Furthermore, these are
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required in the analyses of trait trade-off conflicts
and to provide a mechanistic base for e.g. prediction
of nutrient uptake rate. In contrast, apparent traits
are obviously useful to characterize the outcome of
experiments and to derive estimates of inherent
traits, as illustrated in Table 1. Similar to the appar-
ent optical properties (such as the attenuation for
downwelling irradiance), apparent traits might un -
der certain circumstances also be useful as parame-
ters in ecological models. The current modeling prac-
tice of assigning invariant half-saturation constants
for variable environmental conditions (i.e. by extrap-
olation), however, needs to be revised.

Organism size as master trait and the modifying
effect of porter density

Numerous functional traits and core metabolic
rates correlate with size, and organism size has
therefore been termed a master trait (Litchman et al.
2010). Our results demonstrate that the role of size is
modified by porter density (i.e. the fraction of surface
area covered with porters).

First, we look at the assumption of constant porter
density across cell size (i.e. n/r2 is constant). If cellu-
lar volume is taken as a proxy for Q, a rapid quadratic
drop in the mass specific uptake rate with increased
size (V/Q ∝ r –2) is expected in the diffusion limited
(i.e. oligotrophic) case (Eqs. 2 & 5). However, cells
limited by a low porter number, as might be the case
in eutrophic conditions (Eq. 6), are expected to have
a slower drop in the mass-specific uptake rate as size
increases (V/Q ∝ r –1). This suggests that the actual
effect of cell size on specific uptake rate depends on
the nutrient regime, and that the ‘penalty’ of in -
creased size is lower in eutrophic than in oligotrophic
regimes.

Because increased porter density might reduce the
penalty of cell size becoming large, our analysis
questions the adaptive value of constant porter den-
sity across cell size. Generally, the benefit of in -
creased porter density is expected to decrease and
ultimately cease when porter capacity exceeds the
processing capacity of the growth machinery. Larger
cells, however, are expected to benefit more from a
high porter density than smaller cells, because one
unit of biomass of a large cell has less surface area
available to support its biomass with nutrients. A
decrease in h, which appears likely for cellular
machineries that are in demand of nutrients, results
in a similar effect as the increase in porter number.

Jumars et al. (1993) suggested that the foraging

consequence of the high efficacy of a low porter den-
sity is that the marginal gain per porter rapidly drops
off as the plateau predicted by Eq. (3) is approached
for large n, and that the optimal porter density is
therefore likely to be low. Our analysis suggests that
although this might be true for the oligotrophic case
it is not generally true for all S. For the eutrophic
case, Eq. (6) suggests that there is no drop at all in the
marginal gain per porter.

Estimation of the optimal porter number requires
not only the gain but also the cost of porters such as
energy expenditure and competition for space. Their
potential role as entrance point for viral attacks
(Weitz et al. 2005, Yooseph et al. 2010) is of particular
interest as increased mortality risk might tend to
reduce the optimal porter number below the level
expected without such risk. Furthermore, trade-offs
involving porter density are likely to be affected by
the nutrient regime and cell size as indicated above
(Fig. 3).

Need for observations at the scale of the cell

Mechanistic theory is useful, but observations and
experiments are obviously needed to characterize
cellular traits and understand their plasticity and
trade-offs, and how these translate into nutrient
uptake and growth. Certain aspects of the theory
presented here can be tested in bulk experiments,
such as the expectation that the affinity and the half-
saturation constants (Table 1) respond differently to
temperature. Microbial processes must be under-
stood at the scale of the individual microorganism
(Azam & Malfatti 2007), however, and we hope our
analysis will stimulate studies that aim at resolving
processes and traits at this scale. From such knowl-
edge we should, at least in principle, be able to make
predictions of the uptake rates and the parameters
that we observe at the bulk scale. Collaborations of
cell biologists and ecologists to design experiments
with concurrent measurements of inherent traits and
nutrient uptake rates would likely be an important
step forward.
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Appendix 1. The first part, including Eqs. (A1) to (A4), summarizes the model for nutrient uptake and how affinity, maximal
uptake rate, and the half-saturation constant relate to this model. The second part gives the derivation of the nutrient uptake 

model expressed in Eq. (A1)

Model summary

The analytical expression for nutrient uptake rate (V,
mol s–1) of a spherical cell where encounters with nutrient
molecules are governed by molecular diffusion.

(A1)

where

Affinity and approximation for the uptake rate in the
oligotrophic case. For low nutrient concentrations (i.e.
S → 0) this expression reduces to VS → 0 =  αS where α is
the affinity:

(A2)

Maximal uptake rate and approximation for the uptake
rate in the eutrophic case. For high nutrient concentra-
tions (i.e. S → ∞) this expression reduces to  VS → ∞ =  n/h,
i.e:

Vmax =  n/h (A3)

The non-MM half-saturation constant. The nutrient
concentration (K ) where uptake equals 50% of the maxi-
mal uptake rate (i.e. n/(2h)) is:

(A4)

Derivation of Eq. (A1)

Berg & Purcell (1977) derived an equation for the total
flux (J ), which corresponds to the uptake rate (V ), of nutri-
ent molecules towards the porters of a spherical cell. They
considered the case where all porters are always receptive
for uptake. In this case, the flux is equal to the encounter
rate (e) between nutrient molecules and all porters. In the
case of non-zero handling time (h ) (Aksnes & Egge 1991),
however, the encounter rate is not equal to the flux, and
below we will consider this situation. The Berg & Purcell
(1977) result gives the following equation for the
encounter rate:

(A5)

where emax = 4πDrS. This equation was modified by
Zwanzig (1990) to better fit numerical results for the case
of high porter coverage. Zwanzig introduced a porter
interaction term that is given by the fraction of the sphere’s 

surface covered by porters, , and arrived at the 

modified Berg & Purcell equation:

(A6)

However, for non-zero handling time the porters are
closed during the handling time h, so that only nutrient
molecule encounters with open porters are taken up by the
cell and should be accounted for. The average number of
open porters is no =  n – Vh, and the encounter rate for all
the open porters is:

(A7)

with
(A8)

As is the encounter rate for one open porter, the 

average time until the next encounter is , and 

afterward the porter will be closed during a time equal to 
the handling time h. Therefore, each porter will have an
encounter after an average time of te + h, and because
there are n porters the average nutrient uptake rate is
given by . 

However, as te depends on V as

, 

this gives the following equation for the uptake rate of the
cell:

(A9)

This implicit equation for V can be rewritten as

aV 2 – bV + 1 = 0 with and , 

which can be exactly solved for V giving:

(A10)

which corresponds to Eq. (A1). The uptake rate can be
given as a function of the nutrient  concentration (S), as S is
contained in emax (solid line in Fig. A1).

V
b
a

a
b

= − −⎛
⎝⎜

⎞
⎠⎟2

1 1
4

2

a
h

DrSn
rp

ns
b

S
h
n

p, ,= −( ) = + =
4

1
1

π
π

α
n s

r
π
π

2

24

α π
π ( )

=
+ −

4
1

D r
ns

ns r p

2
8

K
r p ns

h Drs

( )
= π − +

π

e e
ns

ns rmax=
+ π

p
n s

r
= π

π

2

24

e e
ns

ns r pp ( )max=
+ −π 1

e e
n s

n s r ppo
o

o o( )max=
+ −π 1

p
n s

r
p

h
n

Vo
o= = −( )π
π

2

24
1

po

o

e
n

e
o

po
t

n
e=

e
V n

t h
= +

1e
o

po p max
t

n
e

n
e

Vh
e

rp
ns( )= = − − π

1
1

1 1
p max

V

e
h
n

V
e

rp
ns( )

=
+ − − π⎡

⎣⎢
⎤
⎦⎥

1
p

b e
h
n= +1

max
a

h
ne

rp
ns( )= − π

V
b b a

a
b
a

a
b

= − − = − −⎛
⎝⎜

⎞
⎠⎟

2

2

4
2 2

1 1
4



Aksnes & Cao: Traits in microbial nutrient uptake 51

Appendix 1 (continued)

Fig. A1. The Michaelis-Menten (MM) approximation (broken
line) versus the analytical expression (solid line) for the uptake
rate (Eq. A1). The uptake rate was calculated from the estimated
characteristics of Vibrio splendidus. A half- saturation constant,

, was assumed for the MM approxima-

tion. See Fig. 1A for relative errors of this MM approximation
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