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1.  INTRODUCTION

Mechanistic computer simulation models that rep-
resent the bio-physical processes driving plant
growth can help understand the interactions be -
tween the processes involved and weigh the benefits
of different management options (Bouman et al.
1996, Moore et al. 1997, Brisson et al. 2003, Jones et
al. 2003, Keating et al. 2003, van Ittersum et al. 2003).
Such mechanistic models use computer simulation to
represent many of the physical and biological pro-
cesses involved in plant growth, thereby increasing

the clarity and  understanding of how these processes
and their underlying mechanisms are involved in
predicting plant development. This is the strength of
complex plant growth models: by taking a relatively
mechanistic approach, these physical and biological
processes are represented at a relatively high level of
detail and realism.

However, there are disadvantages to using such a
mechanistic and complex approach to modelling
plant growth. Their mechanistic detail can make
them inaccessible to people who have limited under-
standing of the bio-physical processes involved. Pre-
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diction of yield or production using these types of
models requires extensive inputs such as detailed
quantitative information, first on plant physiology
and phenology for each new species, and then on soil
characteristics and meteorological data for each new
location. Furthermore, such models may consist of
several connected modules that are often developed
by different people with particular areas of expertise.
As such, the models can lack transparency, which
can make it difficult for even experienced agrono-
mists to modify them for a new species or a new envi-
ronment without specialised training. Modification
can be especially challenging in situations where not
all of the requisite information is available or where
significant structural changes are required because
of a change in understanding of the driving processes
(Holzworth et al. 2010). Complex simulation models
are relatively computationally expensive, taking
longer to run than simpler models, which can be sig-
nificant when models need to be run repeatedly.
Therefore, it is desirable to create simplified versions
of complex growth models that retain their benefits,
but without these disadvantages.

Various methods have been used to simplify com-
plex plant growth models. Gibbons et al. (2010)
developed a method that generates simplified mod-
els by combining existing model variables; Iglesias et
al. (2000) developed a multiple linear regression
model and used it to conduct a spatial analysis of cli-
mate change impacts on national wheat production
in Spain; Iizumi et al. (2009b) used a Bayesian ap -
proach to estimate model parameters and quantify
uncertainty of yield estimates; Iizumi et al. (2009a)
created a lookup table from numerous simulation
outputs to reduce the simulation time in integrated
im pact assessment models; Lobell & Burke (2010) as -
sessed the performance of statistical models against
more complex models; and Brooks et al. (2001) devel-
oped meta-models of a wheat-growth simulation
model.

However, in this study we developed a method for
simplifying complex growth models based on creat-
ing simple statistical models, or statistical emulators,
which accurately predict a particular outcome of a
computer simulation model using only its principal
drivers as inputs (Conti & O’Hagan 2010). Emulators
are designed to eliminate much of the complexity
inherent in the simulation model to provide greater
clarity and transparency in the modelling process.
While being less complex in design than the simula-
tion model, they can still provide reasonably accurate
predictions of the response of interest. To illustrate
this methodology, we chose to use the Agricultural

Production Systems sIMulator (APSIM) as the com-
plex growth model (Keating et al. 2003), and emulate
the biomass production for the perennial pasture
species lucerne Medicago sativa predicted by APSIM
based on meteorological and soil-type input data
(Probert et al. 1998, Robertson et al. 2002). To ensure
the robustness of the resulting emulators, we devel-
oped and compared statistical emulators for APSIM-
generated lucerne biomass production based on 4
levels of model complexity, and then used statistical
model validation to determine which of the 4 emula-
tors provides the best model in terms of fit and pre-
dictive ability.

2.  METHODS

2.1.  Case study

A dataset of lucerne production (dry biomass) was
generated from APSIM using weather data from the
Badgingarra Weather Station, Western Australia
(30.34°S, 115.54°E) taken from the Australian Bureau
of Meteorology database (www. bom. gov. au/climate/
data) and described in Jeffrey et al. (2001). This file
contained historical daily information of rainfall
(mm), radiation, Radn (MJ m−2), and maximum and
minimum temperatures (°C) for ~100 yr (1889− 2006).
Using APSIM simulation, lucerne was planted on 15
May 1889 (early autumn) and allowed to mature for
the first 11 yr until monitoring was started on 1
December 1900. The initial growth for 11 yr was to
ensure that only production of well-developed plants
was assessed. For the purposes of this study of devel-
oping a statistical emulator, we chose to run all simu-
lations in a simple sandy soil. For full details of the
dataset used, see the figures in the technical report
available at www. michaelrenton.info/publications.

Daily average temperature, Temp, was calculated
from this weather data as: Tave = (Tmin + Tmax) ÷ 2,
where Tmin and Tmax are the daily minimum and max-
imum temperature; the dataset consisting of these
readings, along with the resulting biomass produc-
tion generated by APSIM, was consolidated into 2-
monthly readings (using total rainfall, average radia-
tion and temperatures, and total biomass production)
from 1 December 1900 to 30 September 2006 to give
641 data points, 6 for each year. It was also standard-
ised by multiplying each reading by [61 ÷ (number of
days in 2-monthly period)] so that each 2-month
period had 61 d. The resulting dataset was split to
obtain 2 sets of almost equal size. One set, known as
the Fitting Set, was used to develop the statistical
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emulators, while the other set, known as the Validat-
ing Set, was used independently to determine the
predictive ability of these statistical emulators. Each
set had >300 data points, thus ensuring the reliability
of the models developed.

Initially the data were split on the basis of time,
with Set 1 containing all the values from 1 December
1900 to 30 November 1953, and Set 2 containing the
remaining values. However, since the weather data
prior to the 1960s were based solely on interpolations
from nearby weather stations, it was noted that this
data split could result in differences due to back-
ground causes such as climate change between the
Fitting and the Validating Set, which could then con-
tribute to invalidation of the fitted models. So another
method of data splitting was also considered. To min-
imise any loss of the correlation between years that
existed in the original dataset, the second method of
data splitting consisted of dividing the data into
groups of 4 consecutive years and these groups were
numbered sequentially. Set 3 contained all the odd-
numbered groups and Set 4 contained the even-
numbered groups. Models were then developed using
each set in turn as the Fitting Set with the correspon-
ding remaining data forming the Validating Set.

2.2.  Emulator construction

All statistical modelling was carried out using R (R
Development Core Team 2009). A preliminary analy-
sis was conducted, based on plotting production pre-
dictions against one varying driving variable, while
all other driving variables were held constant.
Results from this preliminary analysis are included
in the technical report (available at www.michael
renton. info/publications), and indicated that main
effects of rainfall amount (RAmt) and Radn on
APSIM-generated biomass production could be
 modelled using sigmoid curves, while a unimodal
function could be used to model the main effect of
Temp. However, examination of the data indicated
that simpler models might also provide a reasonable
fit to the relationships between APSIM-generated
lucerne biomass production and either RAmt or
Radn, as most of the variation in biomass appeared to
be linear. This linear relationship between produc-
tion and Radn was also found in Iizumi et al. (2010)
for the response of paddy rice yield to solar radiation
bias. There was also evidence of effects of rainfall
frequency in days (RFreq) and interactions between
all these terms. However, it was unclear what func-
tional forms these effects might take.

2.2.1.  Linear emulator

The linear emulator included the linear main
effects of RAmt, RFreq and Radn, both linear and
quadratic effects of Temp, as well as linear interac-
tions between these variables. These models were
fitted using the R ‘lm’ function (Chambers 1992),
which gives a best fitted linear regression model
based on the method of least squares. The fitted full
linear emulator included all main effects and all
interactions and was of the form:

(1)

where y = APSIM-generated lucerne biomass pro-
duction, x1 = RAmt, x2 = RFreq, x3 = Radn, x4 = Temp,
and ai, for i = 1...23, are regression coefficients.

2.2.2.  Non-linear emulator

In the non-linear emulator, non-linear parametric
models were fitted to the relationships between
dependent and independent variables. These non-
linear models were fitted using the 4-parameter
logistic function (SSfpl) for RAmt and the 3-parame-
ter logistic function (SSlogis) for Radn because an ini-
tial examination indicated that the lower asymptote
was zero for Radn but non-zero for RAmt. A simple
linear model was fitted for RFreq and a quadratic
polynomial for Temp. All first-order interactions of
these variables were included in the model as inter-
actions between linear effects. This model was re -
ferred to as the fitted full non-linear emulator. Higher
order interactions were not investigated for non-lin-
ear models due to problems with convergence of the
iterative processes involved in determining the least
squares estimates of the parameters and the belief
that they would not be significant given the variabil-
ity in the response variable. Non-linear modelling
was carried out using the R ‘nls’ function (Crawley
2007, R Development Core Team 2009), which deter-
mines the non-linear (weighted) least-squares esti-
mates of the parameters of a non-linear model. The
fitted full non-linear model was of the form:

(2)
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where 

and 

and a1, b1, k1, k2 are model parameters to be fitted.

2.2.3.  Spline emulators

One means of incorporating more flexibility into
the emulator, to account for non-linear variation in
the response, is to base the emulator on semi-para-
metric regressions or p th-order splines. A spline is a
piecewise polynomial function that has knots at vari-
ous points along the real axis where segments join
(Smith 1979, Wand 2000). A p th-order spline is made
up of pth-order polynomials that join smoothly up to
the (p − 1)th derivative at each knot (Friedman 1991).
In particular we examined linear splines and cubic
splines. A linear spline, also called a piecewise linear
model, is composed of line segments that join to one
another to form a continuous function. Linear splines
do not join smoothly at the knots; they are not con -
tinuously differentiable. The R ‘segmented’ function
(Muggeo 2008), which fits regression models with
broken-line relationships, was used to obtain param-
eter values for the linear spline by an iterative pro-
cess. Interaction effects were not examined in this
case, since their inclusion would have resulted in
models that were too complicated and unwieldy to be
useful. The fitted linear spline emulator containing
all main effects was of the form:

(3)

where

ψi are knots 
aj, bj, cj are regression coefficients 

and 

Cubic splines are constructed from segments of
third-order polynomials which are constrained to
blend smoothly where segments join. Cubic splines
were fitted to the main effects of RAmt, RFreq, Radn
and Temp while all interactions of RAmt, RFreq,
Radn and Temp were fitted as linear effects. These
models, known also as linear mixed effects models
(Verbyla et al. 1999), were fitted using the R ‘asreml’
function (Gilmour et al. 2007), which estimates vari-
ance components under a general linear mixed
model by residual maximum likelihood (REML). This

function allocated 2 components to each spline; a lin-
ear trend component and a component which repre-
sented the variability about that trend. In this proce-
dure the linear trend was fitted as a fixed effect and
variability about that trend was fitted as a random
effect. It is commonly assumed that cubic splines
have a tendency to overfit, and thus may not provide
good predictions (Wold 1992). Methods to avoid over-
fitting include selection of the number of knots
(Friedman 1991). We therefore tested several possi-
ble knot numbers and chose to use the minimum
number that was sufficient to ensure that the shape
of the curve did not change markedly with a further
increase in the number of knots. In this case, 12 knots
was sufficient.

The fitted full cubic spline emulator was of the
form:

(4)

Table 1 summarises the models that were fitted to
each independent variable.

2.2.4.  Model selection

The emulators described above represent the ini-
tial Full Models for each emulator. Model selection
was then carried out based on backward selection
from this Full Model. Each term of the Full Model
was then omitted sequentially, starting with the
highest order term(s), to create several nested sub-
models (not shown). Each submodel differed from
its preceding neighbour by the elimination of only 1
term. Adjacent pairs of models of this sequence
(starting with the Full Model) were compared using
analysis of variance (ANOVA), or REML in the case
of cubic spline models. This comparison was used to
determine if the term dropped from the model was
significant (p < 0.05). If so, then the preceding
neighbour model was taken as the Simplified Full
Model. For the spline models, all variance compo-
nents were examined and the random model was
simplified where possible on the basis of likelihood
ratio tests prior to examination of the fixed effects as
outlined above. The Simplified Full Model produced
for each of the emulator functions is in the Results
section.
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Many plant growth models have been constructed
with a limited set of variables and it may therefore be
possible to exclude some of the variables from the
Simplified Full Model when constructing other can-
didate models for the emulator functions. For this
reason, a number of models that include subsets of
the independent variables were also considered.
French & Schultz (1984) suggested that potential
plant growth throughout southern Australia is influ-
enced mainly by rainfall, with ~70% of total produc-
tion variability being accounted for by this factor
alone. The preliminary analysis given in the supple-
ment indicated that RAmt may have more effect on
APSIM-generated lucerne biomass production than
RFreq. Therefore one model chosen for assessment
contained the main effect of RAmt only (ID = 1 in
Table 2) while another model contained the main
effects of both RAmt and RFreq (ID = 2 in Table 2) but
excluded Temp and Radn. All other models con-
tained the effects of both RAmt and RFreq as well as
various combinations of the other independent vari-
ables (Radn, Temp, Temp2) to create 5 more models
(ID = 3−7 in Table 2).

2.3.  Emulator validation

Statistical model validation is used to ensure that
a statistical model not only provides a good fit to
existing data but also gives adequate predictions of
future observations; in the case of a statistical emu-
lator, existing data is the data from the simulation
model used to build the emulator and future obser-
vations are potential future predictions of the simu-
lation model (Bastos & O’Hagan 2009). Model vali-
dation can involve both graphical and numerical
techniques. Graphical methods can include plots of
emulator predictions against new simulation-gener-
ated output and scatter plots of residual errors
against fitted values from the emulator model but
these provide only a subjective evaluation (Mayer &
Butler 1993). Numerical methods such as bias, de -
termination coefficient (R2) statistic, and root mean
square error provide a more quantitative means of
validation, but each method tends to focus on only a
limited aspect of the relationship between emulator
model data and simulation model data (Walther &
Moore 2005).

In this study, validation of the emu-
lator models shown in Table 2 was
carried out in 2 ways (Snee 1977). The
first method (Validation Method 1)
used mean squared prediction error
(MSPE), which measures the predic-
tion capability of the model para -
meterised by the Fitting Set, on the
Validating Set (Neter et al. 1989,
Stevenson et al. 2005):

(5)

where Yi is i th response value from
the Validating Set, Ŷi is predicted
value of Yi using the model para -

MSPE
( ˆ )

*
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* Y Y
n
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Independent Linear emulators                                 Non-linear emulators            Spline emulators
variable                       Linear       Quadratic                   Linear           Quadratic           Logistic                  Linear            Cubic

RAmt                               5                                                                                                      5a                           5                    5
RFreq                               5                                                   5                                                                               5                    5
Radn                                5                                                                                                      5b                           5                    5
Temp                               5                   5                              5                       5                                                     5                    5

a4-parameter logistic; b3-parameter logistic

Table 1. Emulators fitted to each independent variable in this study. RAmt: rainfall amount; RFreq: rainfall frequency; Radn: 
radiation; Temp: temperature

ID      Independent variables in model      Linear     Non-     Linear    Cubic 
                                                                                    linear     spline     spline

1        RAmt                                                      3            3            3            3
2        RAmt, RFreq                                          3            3            3            3
3        RAmt, RFreq, Radn                               3            3            3            3
4        RAmt, RFreq, Temp                              3            3            3            3
5        RAmt, RFreq, Radn, Temp                   3            3            3            3
6        RAmt, RFreq, Temp, Temp2                 3            3            5            5
7        RAmt, RFreq, Radn, Temp, Temp2      3            3            5            5
8        Full Model                                             3            3            5            3

Table 2. Potential emulator models fitted using each emulator function. RAmt:
rainfall amount; RFreq: rainfall frequency; Radn: radiation; Temp: temperature; 

(3) inclusion; (5) exclusion
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meterisation from the Fitting Set and n* is the num-
ber of observations in the Validating Set.

If the value of this statistic is close to the mean
square error (MSE) from the Fitting Set then the MSE
is considered to give an indication of the predictive
capability of the fitted model (Neter et al. 1989).

The second method of model validation (Validation
Method 2) involved the calculation of a prediction
sum of squares (PRESS) statistic for the fitted model
from each dataset. The PRESS statistic is an adjust-
ment to the residual sum of squares (SSE) to account
for the leverage of each data value (Allen 1974). The
leverage of a data value, hii with 0 ≤ hii ≤ 1, is the
amount of influence that the value has in defining the
shape of the fitted model (Wei et al. 1998):

(6)

where ei is the ordinary residual, hii is the i th leverage
value calculated as the i th diagonal element of the hat
matrix (i.e. the n × n matrix formed by the least
squares estimates of the parameter values of the fit-
ted model) except in the case of models fitted 

using the nls function when hii = , i = 1 … N, 

where Q = [qik]N × p is the orthogonal matrix of the QR
de composition of the Jacobian matrix of model para -
meters (St Laurent & Cook 1992, 1993, Rivals & Person -
naz 2004). (qik is the element in the i th row and j th col-
umn of the matrix Q which has N rows and p columns.)

Thus data values with high leverage increase the
PRESS value. PRESS values that are close to the cor-
responding SSE values imply that the MSE can be
used as an indicator of the predictive ability of the
model (Neter et al. 1989).

We calculated MSPE:MSE and PRESS:SSE ratios
for each potential emulator model with fitting and
validating set combinations as shown in Table 3. This
table simply defines a notation that is then used in
Table 4 for clarity. The closer these ratios are to 1 for
each of the 4 datasets, the greater the predictive abil-
ity of the corresponding model.

Thus from each emulator function, the best
model(s) in terms of both fitting ability and predicting
ability were those which, across all 4 datasets, had
low MSE values, and MSPE:MSE and PRESS:SSE
ratios close to 1.

The Akaike information criterion (AIC) (Akaike
1974) and the Bayes information criterion (BIC)
(Schwarz 1978) were used as guides for comparison
of the selected non-nested models (Hastie et al.
2009). The model with the lowest AIC and BIC was
considered to be the best in terms of predictive abil-

ity (Hastie et al. 2009). Thus the model that gave the
best emulation of APSIM-generated biomass produc-
tion was determined. The variance components for
the random effects and the coefficients of the fixed
effects of this model, along with their associated stan-
dard errors, were then obtained by fitting this model
using the entire dataset originally generated from
APSIM for this study.

3.  RESULTS

In this section, all models have been shown using
symbolic representation (Wilkinson & Rogers 1973)
for convenience and clarity. Simplified Full Models
for each emulator type are shown below:

Linear: 
1 + RAmt + Radn + Temp + Temp2 +  RAmtRadn +  
RAmtTemp + RAmtTemp2  +  RadnTemp + 
RadnTemp2;

Non-linear: 
1 + SSfpl(RAmt) + RFreq + RAmtRFreq + 
SS logis (Radn) + RAmtRadn + Temp;

Cubic spline: 
1 + lin(RAmt) + spl(RAmt) + RFreq + lin(Radn) + 
spl(Radn) + lin(Temp) + spl(Temp) + RAmtRFreq + 
RAmtRadn + RAmtTemp +  RFreqRadn + 
RFreqTemp + RadnTemp +  RAmtRFreqRadn + 
RAmtRadnTemp; 

where AB represents the product of the terms A and B;
ABC represents the product of the terms A, B and C;
for {A, B, C} ⊂ {RAmt, RFreq, Radn, Temp, Temp2}.

Note that there was no simplification of the full
model for the linear spline emulator since inter -
actions were not included in the model, and elimina-
tion of first order effects was considered in the other
models listed in Table 2.
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Fitting        Validating       Validation            Validation 
Set                  Set              Method 1              Method 2

1                          2              Set1         Set1

2                          1              Set2         Set2

3                          4              Set3         Set3

4                          3              Set4         Set4

MSPE
MSE( ) PRESS

SSE( )
PRESS

SSE( )
PRESS

SSE( )

MSPE
MSE( )

MSPE
MSE( )

MSPE
MSE( ) PRESS

SSE( )

Table 3. Ratios calculated using the different Fitting Set
and Validating Set combinations for each validation method
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Table 4 showed that MSE ranged from 0.15 × 106—
for the simplified full cubic spline emulator model
when fitted using Set 2 — to 1.55 × 106 for the 2 sim-
plest linear emulator models (the one including RAmt
and the one including RAmt and RFreq) when fitted
using either Set 1 or Set 3. Ratios for MSPE:MSE
ranged from 0.85 to 5.43 and ratios for PRESS:SSE
ranged from 1.01 to 29.70. The simplified full model
for each of the emulator functions had at least one
high validation ratio (MSPE:MSE or PRESS:SSE). In
the case of the non-linear emulator function, this
model also had high MSE values.

Of the 8 linear emulator models considered, only
those models containing the effect of temperature had
acceptable MSE values. The models that also included
a quadratic term for temperature had considerably
lower MSE values and also good validation statistics.

The non-linear emulator models had high residual
errors as shown by their high MSE values, indicating
that the models did not fit the original data well.

The 3 simplest linear spline emulator models had
high MSE values while the remaining models had
low MSE values but some high validation ratios
(>2.0). The 2 simplest cubic spline emulator models
had high MSE values. Of the 4 remaining models, the
one including RAmt, RFreq, Radn and Temp, but
excluding interactions, had both low MSE values and
good validation statistics.

Of the original 27 emulators considered (Table 4),
6 were chosen as the best models in terms of both
fitting ability and predicting ability (Table 5). It is
clear that the cubic spline models had considerably
lower AIC and BIC values than the linear emulator
models (Table 5). This indicates that the cubic
spline models selected from Table 4 had a better
trade-off between accuracy and model complexity
(as measured by the number of parameters) than
the linear models, and were the most efficient pre-
dictive models among the alternatives in Table 5.
In particular, the cubic spline emulator with 4 inde-
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Emulator   Independent variables in model               MSPE:MSE                   PRESS:SSE                     MSE (× 106)
function                                                                     Set 1  Set 2  Set 3  Set 4      Set 1   Set 2   Set 3   Set 4    Set 1  Set 2  Set 3  Set 4

Linear        RAmt                                                        0.96   1.06   0.97   1.04       1.01     1.01    1.01    1.01     1.55   1.48   1.55   1.49
                  RAmt, RFreq                                           0.96   1.06   0.97   1.04       1.02     1.02    1.02    1.02     1.55   1.48   1.55   1.49
                  RAmt, RFreq, Radn                                0.96   1.06   0.97   1.05       1.02     1.02    1.02    1.02     1.54   1.47   1.54   1.47
                  RAmt, RFreq, Temp                               1.01   1.09   0.98   1.05       1.02     1.02    1.02    1.02     0.72   0.69   0.73   0.70
                  RAmt, RFreq, Radn, Temp                     1.06   1.09   0.95   1.07       1.03     1.03    1.03    1.03     0.59   0.58   0.62   0.58
                  RAmt, RFreq, Temp, Temp2                  0.93   1.13   0.90   1.15       1.03     1.03    1.03    1.03     0.61   0.55   0.62   0.55
                  RAmt, RFreq, Radn, Temp, Temp2        0.98   1.14   0.87   1.18       1.04     1.04    1.03    1.04     0.48   0.45   0.51   0.43
                  Simplifieda Full Model                           1.27   1.05   1.07   1.11       1.07     1.08    1.07    1.08     0.19   0.21   0.21   0.20

Non-          RAmt                                                        0.97   1.03   1.05   0.98       1.03     1.02    1.03    1.03     1.21   1.17   1.17   1.21
linear         RAmt, RFreq                                           0.97   1.03   1.06   0.97       1.03     1.03    1.03    1.03     1.20   1.17   1.14   1.21
                  RAmt, RFreq, Radn                                0.97   1.03   1.05   0.97       1.05     1.04    1.05    1.04     1.20   1.17   1.16   1.21
                  RAmt, RFreq, Temp                                0.97   1.03   1.05   0.97       1.04     1.04    1.04    1.04     1.21   1.17   1.16   1.21
                  RAmt, RFreq, Radn, Temp                     0.96   1.05   1.04   0.99       1.06     1.05    1.06    1.05     1.27   1.17   1.21   1.24
                  RAmt, RFreq, Temp, Temp2                   0.99   1.03   1.07   0.96       1.05     1.05    1.05    1.05     1.33   1.20   1.29   1.36
                  RAmt, RFreq, Radn, Temp, Temp2        0.98   1.02   1.05   0.98       1.07     1.07    1.07    1.07     1.39   1.34   1.35   1.40
                  Simplifieda Full Model                           1.04   0.97   1.18   0.88     24.98  29.66  29.70  13.78    1.15   1.16   1.09   1.26

Linear        RAmt                                                        0.96   1.11   1.09   1.00       1.03     1.03    1.03    1.03     1.20   1.14   1.14   1.19
spline         RAmt, RFreq                                           1.03   1.05   1.19   0.96       1.07     1.06    1.08    1.06     1.01   1.00   0.97   1.04
                  RAmt, RFreq, Radn                                1.03   1.04   1.20   1.00       1.10       –       1.11    1.09     0.56   0.99   0.53   1.04
                  RAmt, RFreq, Temp                                2.46   5.43   0.98   2.16       1.11     1.10    1.11    1.09     0.37   0.36   0.41   0.36
                  RAmt, RFreq, Radn, Temp                     1.44   3.31   3.09   1.96         –       1.13      –       1.13     0.18   0.16   0.18   0.17

Cubic         RAmt                                                        0.97   1.03   1.03   0.97       1.03     1.03    1.03    1.03     1.20   1.18   1.17   1.22
spline         RAmt, RFreq                                           1.06   1.00   1.09   0.93       1.05     1.05    1.06    1.04     1.02   1.07   1.02   1.12
                  RAmt, RFreq, Radn                                1.02   1.26   1.08   0.97       1.14     1.18    1.16    1.14     0.37   0.33   0.35   0.37
                  RAmt, RFreq, Temp                               1.21   1.07   0.91   1.18       1.13     1.10    1.10    1.12     0.36   0.39   0.42   0.36
                  RAmt, RFreq, Radn, Temp                     1.10   1.12   0.85   1.16       1.13     1.13    1.13    1.13     0.17   0.17   0.19   0.16
                  Simplifieda Full Model                           1.30   1.27   1.01   1.18       1.17     1.17    1.19    1.17     0.16   0.15   0.17   0.16

aAs specified at the beginning of the Results section

Table 4. Regression results from model fitting and validation. Models in bold: acceptable validation statistics and low MSE.
RAmt: rainfall amount; RFreq: rainfall frequency; Radn: radiation; Temp: temperature; (−) undefined due to observations with 

high leverage values
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pendent variables (RAmt, RFreq, Radn and Temp)
was the single most efficient predictive emulator
since it consistently had the lowest AIC and BIC
values across all datasets.

Each of the 6 emulators shown in Table 5 was now
fitted to the whole dataset, permitting comparisons
between fitted values from the model and actual val-
ues generated from APSIM. Fig. 1 confirms that the
emulator that best fits the original simulation data is

the cubic spline with 4 independent variables. None
of the models fitted particularly well for very low
 levels of simulated biomass, but the cubic spline
emulator with 4 independent variables showed the
least deviation from the line of best fit. In addition,
this emulator was the only one that fitted well at high
levels of simulated biomass.

The presence of clusters of points, with some close
to the line of best fit and some further away from this
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Fig. 1. Comparison of fitted values from the 6 emulators against APSIM-generated 2-monthly lucerne harvested biomass at
Badgingarra in sandy soil. y = x line is shown in each panel for reference. RAmt: rainfall amount; Radn: solar radiation; RFreq: 

rainfall frequency; Temp: temperature

Emulator      Symbolic representation of model                                          AIC                               BIC                        All data 
function                                                                                                     Set 1   Set 2   Set 3   Set 4      Set 1   Set 2   Set 3   Set 4     R2

adj (%)

Linear            1 + RAmt + RFreq + Temp                                                5203   5269   5384   5094      5222   5288   5403   5113         67.2

                      1 + RAmt + RFreq + Radn + Temp                                   5142   5215   5331   5036      5165   5238   5354   5059         72.5

                      1 + RAmt + RFreq + Temp + Temp2                                 5152   5201   5333   5021      5174   5223   5356   5043         73.0

                      1 + RAmt + RFreq + Radn + Temp + Temp2                    5079   5133   5269   4948      5105   5159   5295   4974         78.3

Cubic            1 + lin(RAmt) + spl(RAmt) + lin(RFreq) + spl(RFreq)    4426   4505   4616   4341      4464   4543   4655   4379         82.7
spline            + lin(Temp) + spl(Temp)

                      1 + lin(RAmt) + spl(RAmt) + lin(RFreq) + spl(RFreq)    4179   4241   4363   4083      4227   4289   4411   4131         92.2
                      + lin(Radn) + spl(Radn) + lin(Temp) + spl(Temp)

Table 5. Potential emulator models with acceptable validation statistics and low MSE. Models in bold had the lowest AIC and BIC values 
across all datasets. RAmt: rainfall amount; RFreq: rainfall frequency; Radn: radiation; Temp: temperature
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line, as seen in each of the panels, suggests that all of
the emulators fit well in certain seasons but not in
others. Figs. 2 & 3 and Figs. S1−S4 (in the supplement
at www.int-res. com/ articles/ suppl/  c055 p253_ supp. pdf)
compared APSIM-generated biomass and predicted
biomass from each of the selected emulator models
with the associated rainfall separately for each
 season.

Examination of the 4 linear emulator graphs (Fig. 2
& S1−S3) showed that, in general, predictions from
linear emulators did not fit the simulation data very

well in any of the months, particularly in the predom-
inantly wet months (June−September) when there
was high biomass production. Emulator fits improved
with increasing complexity of the linear emulator
(Table 4). This was most noticeable in the drier
months from December to March, but was also pres-
ent in the April−May period. Comparing Figs. S2 &
S3 shows that the inclusion of radiation effects
appeared to slightly decrease the emulator fit in the
drier months from October to May (the predictions of
APSIM and the emulators match better in Fig. S2
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than Fig. S3 in the panels for October, December,
February and April).

In contrast, the 2 cubic spline emulator graphs
(Figs. 3 & S4) show that overall predictions from
these emulators fit the simulation data well. In -
creasing the complexity of the emulator increased
the model fit throughout the year in both wet and dry
periods. The notable exception was during October−
November, when the inclusion of radiation in the
emulator model appeared to decrease the model fit.

4.  DISCUSSION AND CONCLUSION

The cubic spline emulator that included RAmt,
RFreq, Radn and Temp was the best emulator in
terms of both fitting ability and predicting ability.
This model provided reasonable fits to existing data
as indicated both analytically through MSE and R2

statistics and graphically through diagnostic plots.
This model had good predictive ability as assessed
using 2 separate statistical techniques.
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The superiority of this model is somewhat surpris-
ing in light of the tendency of cubic spline models to
overfit, in comparison to simple linear models (Wold
1992). However, the use of 2 methods of model vali-
dation and, in particular, the use of the MSPE statistic
to provide external validation using a different data-
set from that used for model fitting has confirmed
that the chosen emulator model did not overfit the
data, probably due to the relatively small number of
knots used.

Although the emulators had reasonable predictive
ability, particularly the cubic spline emulator, their
predictions were far from perfect. There are several
possible reasons for this. The preliminary analysis
given in the technical report (available at www.
michaelrenton.info/publications) showed that when
artificially generated weather files were used, with
rain at regular intervals over a full year, and one
weather variable was varied while all other variables
were kept constant, then there was a relatively sim-
ple relationship between the varying climate vari-
able and the yield predicted by APSIM. This shows
that the differences between biomass predictions
from the emulators and APSIM evident in this paper
(Figs. 2, 3 & S1−S4) are likely due to variability in
temperature, radiation and particularly rainfall across
the year, both between and within 2-month periods.
For example, the consistent overestimation of bio-
mass production in August–September by the linear
emulators relative to APSIM (Fig. 2 & S1−S3), and
the corresponding over-prediction in April−May and
June− July, is likely due to the fact that APSIM
accounts for the effect of rainfall that falls before the
current 2-month period and is stored in the soil to be
used by plants within the current 2-month period. On
the other hand, the emulators only based their pre-
dictions on rainfall for the current 2-month period,
and so could not account for the fact that growth in
August− September is more likely to benefit from
stored soil moisture than growth in April−May or
June− July. The effect of variation in temporal rainfall
patterns within 2-monthly periods and their effect on
soil water is accounted for in the soil-water model
APSIM, where large, less-frequent rain events will
have a more beneficial effect on growth than smaller,
more-frequent events, that will tend to have more
loss to evaporation, or very large and infrequent rain
events where the soil profile’s water holding capacity
is exceeded and water is lost to deep drainage; this is
the likely cause of much of the smaller discrepancies
between predictions of APSIM and the emulators.
This is accounted for in the current emulators with
the RFreq variable, but only in a simple and partial

way. Other sources of error include limitations in the
model form. For example, the linear and spline func-
tions did not constrain production to be non-nega-
tive, while APSIM does. Also, the fact that the spline
models performed better than the linear models indi-
cates that the linear functional form is too restrictive.
It was interesting to note that the inclusion of the
extra term radiation in the emulator model appeared
to decrease the model fit for both linear and cubic
models in particular periods. As the inclusion of an
extra term cannot decrease overall model fit, and
Table 4 indicates that in most cases the addition of
the radiation term actually improved model fit over-
all, this decrease in model fit for some periods must
have been accompanied by a greater increase in
model fit for other periods. We note that the periods
where fit appeared to decrease were those with low
production, where small changes were much more
obvious in the plots, and conclude that adding radia-
tion must improve fit in the high production periods
at the cost of a small decline in fit in low production
periods.

The benefits of the approach to developing statisti-
cal emulators for complex plant growth models out-
lined in the paper are numerous. The ease of fitting
and statistically validating the models, as well as the
transparency of the process, make it equally usable
by non-statisticians and statisticians. The emulator
can be used to produce relatively quick but quite
accurate estimates of biomass production under dif-
ferent weather conditions. At any point in time, the
emulator can be used to predict future biomass pro-
duction over a period of time based on an average
weather scenario, or on recent historical data com-
bined with average weather scenarios for the near
future. It can also be used to quickly produce a prob-
ability distribution of possible production results over
a period of time, based on a collection of historical
weather re cords, in order to quantify uncertainty in a
seasonal biomass production forecast. Another
advantage is that the simplicity of the statistical emu-
lator that is developed facilitates its incorporation
into more complex models that require biomass pro-
duction estimates, such as models simulating agro-
ecological dynamics of farming systems over a num-
ber of years (Lawes & Renton 2010).

There are some limitations in this study, some of
which could be addressed in future work. The statisti-
cal emulators developed here were designed to pre-
dict growth and production over 2-monthly periods,
and would thus not be well suited for assessing the
impact of short periods (for example daily, weekly or
even biweekly) of weather on crop growth. The re -
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sults in this study show that simply constraining bio-
mass predictions to a minimum of zero would im prove
the emulators. They also show that accounting for soil
water storage across the boundaries of consecutive 2-
monthly periods (by including a lag ef fect for rainfall
in some way) would improve the emulators, as would
better accounting for variability in patterns of rainfall
within 2-month periods; methods to achieve these
aims should be developed in future. However, in gen-
eral, emulators are not good at capturing extreme val-
ues in calibration/validation data (Iizumi et al. 2009a),
so some discrepancies between emulators and simu-
lation model are always likely to remain. The linear
spline emulators examined here did not include any
interaction terms due to the fact that interactions in
this type of model would have  increased the complex-
ity of the models beyond the scope of this study. While
the preliminary analysis given in the supplement
(www.int-res.com/ articles/ suppl/ c055p253_ supp. pdf)
showed trends in the data that are consistent with
models that contained mixtures of several modelling
functions, in cluding non-linear models for RAmt and
for Radn, these mixture models were also ex cluded
from this study. Since non-linear modelling methods
involve iterative processes to find parameter values,
the fitting of parameter values would be come more
difficult, and the complexity of the resulting mixture
model would also be increased. None theless, future
work could consider creating more complex emula -
tors such as those described above. Other methods
for constructing statistical emu lators, such as using
Bayesian analysis to create Gaussian process emula-
tors (O’Hagan 2006), or classical modelling methods
such as polynomial regression (Kleijnen 2006) along
with Fourier models and splines (Barton 1998) could
also be considered in future.

The emulator developed in this study was built and
tested for its ability to predict biomass production for
a particular species, at a single site, on a particular
soil type. There are many potential uses for such an
emulator, and there is no reason why a number of
emulators could not be built in a similar fashion for
different species, sites or soil types as required. How-
ever, expanding the current approach to enable de -
velopment of emulators for a wider range of soil
types, species or locations would increase its useful-
ness and power. Further work could also investigate
methods for using real data as it becomes available to
calibrate models initially created using simulated data,
in order to increase emulator prediction accuracy.

We conclude that the approach demonstrated in
this study is a powerful means for creating and test-
ing relatively simple emulators of complex growth

models that can make similar predictions to the com-
plex models, but with much improved computational
efficiency and transparency.
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