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ABSTRACT: We describe the application of inverse methods to the estimation of food web fluxes in 
undersampled ocean environments. The general objective is to deduce the flow networks that conserve 
mass, satisfy basic biological constraints, and are compatible with the observed structure of the food 
web. Given inevitable gaps in the observational data, a number of different networks will fit these 
requirements. In this paper, we estimate the simplest possible flow structure, that is, the network that 
minimizes (1) the sum total of the rate constants that relate flux to stock and (2) the differences among 
the constants. We present a general framework for the application of the inverse algorithm: (1) a linear 
compartmental model of the oceanic food web that initially includes all the possible inter-compartmen- 
tal fluxes, and (2) a set of constraints on the flow estimates that reflect contemporary knowledge of the 
limits and efficiencies of ecophysiological processes. The methodology is applied to detailed observa- 
tions of food web structure and dynamics in 2 areas off the English coast. The inverse solutions are 
discussed in terms of current concepts of the role of the microbial loop in the pelagic marine ecosystem. 

INTRODUCTION 

An important objective of contemporary biological 
oceanography is to project the response of ocean 
ecosystems to continuing anthropogenic stresses 
(National Science Foundation 1977, Intergovernmental 
Oceanographic Commission 1984). Of particular inter- 
est recently is the role of the ocean biota in the regula- 
tion of rising atmospheric CO2 levels (US Global Ocean 
Flux Study 1986). There is increasing evidence that the 
net loss of C from the surface waters that ultimately 
drives the air-sea CO2 flux depends on the structure 
and dynamics of the planktonic food web. Non-linear 
effects of particle concentration on sinking losses (Ve- 
zina & Platt 1987), the size structure of the community 
(Coale & Bruland 1987, Vezina & Platt 1987), the com- 
plexity of food web links (Frost 1984, Goldman & Caron 
1985), and the activity of sea microbes (Ducklow et al. 
1986, Pomeroy & Deibel 1986) may, alternatively or 
in concert, determine particulate losses from the 
trophogenic zone. Comparative analyses of the 
dynamics of food webs in different marine environ- 
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ments are a pre-requisite to a deeper understandng of 
the regulation of particulate fluxes (US Global Ocean 
Flux Study 1986) and other ecosystem-level processes 
(Leggett et al. 1985). 

The most widely used representation of food web 
structure and dynamics is the compartmental model 
(Platt et al. 1981). As new information comes to light, 
our basic model of the marine food web has become 
increasingly complex, now including microbial and 
detrital pathways (Pomeroy 1974). This increase in 
knowledge has so far outpaced our capacity to make all 
the necessary measurements at any one site (Leggett et  
al. 1985). Observational information allows only gross 
oversimplifications of the dynamics of local food webs. 
The alternative is to develop numerical (Steele & Frost 
1977, Steele & Henderson 1981, Pace et al. 1984), or 
flow analysis (Fasham 1985) models of food webs that 
can be as comprehensive as required. These models, 
however, emphasize prior knowledge of ecological 
processes at the expense of site-specific information. 
There is an urgent need to apply techniques that merge 
the information contained in the site-specific empirical 
data with the insights of theoretical models to yield 
comparable and reasonably exhaustive descriptions of 
food web fluxes in different marine ecosystems. 

We investigated the use of inverse methods, 
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borrowed from the physical sciences (Parker 1977, 
Wunsch 1978), to achieve this objective. The inverse 
formalism can process eclectic data on food web struc- 
ture and dynamics (standing stocks of different materi- 
als, flux rate measurements, energetic and physiologi- 
cal constraints, etc.) and generate estimates of the 
flows of several matenals (e.g.  C and N) simultane- 
ously. The solution process ensures internal consi- 
stency, allows for uncertainties and redundancies in 
the data, and forces the flow networks to meet explicit 
operational requirements to make inter-site compari- 
sons possible. In this paper, we describe an inverse 
procedure that recovers the simplest possible flow net- 
works that are compatible with the data; these net- 
works exclude any structure that is not required to 
conserve mass or satisfy basic biological constraints. In 
a follow-up paper (Vezina & Platt unpubl.), we will 
demonstrate the use of linear programming techniques 
to derive flow configurations that minimize or maxi- 
mize certain properties of the networks, for example 
the total heterotrophic energy flux generated per unit 
of primary production or the flux through the microbial 
loop pathways. We will develop a general framework 
for the application of these techniques to food web data 
and illustrate the techniques with 2 data sets from the 
English coast (Celtic Sea and Western Channel Ap- 
proaches). 

BASIC PRINCIPLES 

The inverse problem in food web research 

Empirical budgets for food webs are generally con- 
structed from the bottom up, with prior estimates of the 
flows combined to form a network whose state of 
balance is left uncontrolled. As a rule, direct estimates 
of most of the flows in a reasonably complex food web 
are not available. Under these conditions, the flow of 
materials through the system cannot be uniquely 
specified. It seems more rigorous then to use the 
requirement that the flows balance (in the sense that 
the inputs are equal to the sum of the outputs and the 
rate of change in the standing stocks) for deduction of 
the flow networks. This is an inverse problem: values of 
unknown parameters are deduced from a set of obser- 
vations and a model of the system (Parker 1977). Simi- 
lar problems are encountered, for example, in physical 
oceanography where the flow field is recovered from 
the spatial distribution of tracers (Wunsch 1978), and in 
geophysics where the structure of the earth is deduced 
from seismic wave propagation (Wiggins 1972). As in 
food web research, investigators in these fields face the 
fundamental limitation that the number of independent 
observations they can make is usually far less than the 

number of parameters they need to know to describe 
ocean circulation or earth structure (Parker 1977, 
Wunsch 1978, CVunsch & Minster 1982). Inverse 
methods provide the machinery to generate, examine 
and compare a number of solutions to research ques- 
tions that are compatible with the available data. 

The inversion procedure starts with a model of the 
system, in our case a compartmental model of the food 
web. Normally, the model is used in numerical experi- 
ments to project the behavior of the state variables (i.e. 
standing stocks) from known parameter values and 
initial conditions. The inverse method is simply the 
reverse of that procedure: observations of the state 
variables are used to estimate the parameters. In this 
sense, inverse methods have strong affinities with 
regression analysis (Draper & Smith 1980) and the fitting 
of compartmental models to tracer kinetic data (Berman 
et al. 1962, Smith 1974). The crucial difference is in the 
low ratio of observations to unknowns in the inverse 
problem, leading to indeterminacy in the solution. 

The exact structure of the model depends on the 
information available and on whether food web fluxes 
are treated as linear or non-linear. The inverse formal- 
ism can handle any type of model (Parker 1977, Taran- 
tola & Valette 1982, Wunsch & Minster 1982, Jackson 
1985). We assume here that the biomass structure (in 
terms of one or several biogenic elements) and the 
boundary conditions for the food web can be specified 
from the observational data. For an open ocean food 
web, for example, the boundary conditions would be 
primary production and sedimentation. Independent 
estimates of other fluxes can also be included among 
the observations. Therefore, the observations that the 
inverse solution attempts to reproduce include the 
mass balances for each element considered and each 
compartment (assumed zero for a steady state system), 
the boundary flows, and additional food web flux 
estimates if possible, all constrained by the observed 
biomass structure of the food web. We also treat the 
flow parameters as constants, i.e. the model is linear. 
This restricts the domain of the inverse estimates of the 
fluxes to time and space scales over which non-linear 
variation of the rate constants can be neglected (Platt & 
Harrison 1985, Vezina & Platt 1987). 

A requirement for conservation of mass alone does 
not guarantee a realistic flow network; the network 
should also satisfy known constraints on the rate and 
efficiency of biological processes. We must ensure, for 
example, that respiration is sufficient to meet the basic 
metabolic requirements of the biota or that the inges- 
tion rate of consumers is not unrealistically high. In 
other words, we must make use of prior knowledge, 
when it is available, to set bounds on the parameters. 
The parameters can be constrained through setting 
limits on relationships among flows, for example, pro- 
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duction efficiency or the ratio of oxygen consumption to 
ammonium production. Determining the bounds in this 
way is a subjective process. However, investigators are 
more likely to agree on such general criteria than on 
specific values for the rate and efficiency of biological 
processes. It is possible, then, to develop a standard set 
of constraints that can be applied to any food web. 

The inverse solution 

The solution process relies on the principle of par- 
simony: it generates the simplest flow network that 
satisfies both the mass conservation and biological con- 
straints. It is the network where the parameters (rate 
constants) are the least different and where the sum 
total of parameter values is lowest. We do not wish to 
imply that food webs are organized on the principle of 
maximum simplicity. Our only aim is to produce a 
baseline flow network that can be compared within 
and across food webs. At this time, the operational 
requirement that the flow structure be as simple as 
possible seems no worse than any other, and certainly 
better than none. 

We mentioned earlier that the inverse method is 
analogous to more traditional curve-fitting techniques 
in using observational data to solve for the parameters 
of a model. The analogy goes further in that the inverse 
solubon, as the solution of a regression problem for 
example, is not expected to be perfect due to both 
errors in the data and inadequacies of the model. In 
other words, the solution will leave residuals when 
compared to the observed or assumed dynamics of the 
food web (i .e ,  mass balances, boundary flows, and 
other measured fluxes if applicable). These residuals 
can be useful in assessing a particular solution or com- 
paring alternative solutions for the same data set. 

Given the errors associated with the inverse solution, 
we may expect certain differences in the contribution 
of various observations toward the solution. To prop- 
erly evaluate the inverse solution, it is important to 
know how much weight each observation carries in the 
resolution of the parameter estimates. As part of the 
solution process, resolution indices can be computed 
for each observation. These resolutions vary from 0 to 1. 
Observations with a zero resolution are redundant and 
could be dropped without changing the solution. Simi- 
larly, the solutions will be less sensitive to observations 
with low or mid-range resolution than to those with 
resolutions near 1. Also, the observations with low 
resolution will leave disproportionately large residuals 
that will tend to skew the distribution of errors away 
from normality. These resolutions are indicators of the 
information content of the various dynamic observa- 
tions that are used to derive the solution. 

Analogous resolution indices can be conlputed for 
the components of the solution. In this case, the resolu- 
tions indicate the degree to which the parameters are 
constrained by the mass balance observations alone. 
Parameters with high resolutions (approx. 1) will 
change llttle after application of the biological con- 
straints. The lower the resolution the stronger the effect 
of the additional constraints on the parameter. The 
parameter resolutions point to the fluxes whose inverse 
estimates are most sensitive to the a priori information. 
Poorly resolved fluxes that carry no, or only vague, 
prior expectations are clearly the weakest links in the 
solution for the flow network. 

On the surface, resolutions appear useful in the 
design of observational programs since they rank the 
usefulness of observations and a priori information 
(Wunsch 1978). We caution against this interpretation, 
however, because resolutions are roughly proportional 
to the numerical magnitude of the observations that 
characterize the part of the model they represent 
(Wunsch & Minster 1982). In the case of parameter 
resolutions, for example, this is equivalent to saying 
that fluxes that involve conlpartments with large stand- 
ing stocks are less dependent on a priori information 
than fluxes that involve compartments with small 
standing stocks. Different resolutions would arise from 
imposing different weights on the data. From the point 
of view of inverse methods, all information is equally 
useful. We introduce the resolutions only as diagnostics 
of numerical problems that must be considered in inter- 
p ~ e t i n g  the soluiio~i. 

The procedures to set up the inverse problem and 
compute the solution are presented in the Appendix. 
Readers interested in more details are referred to the 
rich literature on the subject (Lanczos 1961, Jackson 
1972, Wiggins 1972, Wunsch 1978, Wunsch & Minster 
1982, Bolin et al. 1983, Enting 1985). 

Final remarks 

Before we proceed with examples of the application 
of inverse methods to food web data, we should estab- 
lish that the method generates a possible solution, not 
necessanly the correct solution. The non-uniqueness of 
the solution is a necessary consequence of the lack of 
information on food web dynamics in the ocean. With 
inverse methods, however, we can easily explore a 
number of solutions con~patible with the data. We can 
systematically manipulate the mass balance and flow 
information and study the effects of these manipula- 
tions on the flow networks. Another possibility that we 
explore in a folow-up paper is to generate extreme flow 
networks using linear programming techniques. Here, 
we limit ourselves to the simplest solutions obtained 
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under alternative closure conltions on the regenera- 
tion of nitrogen in the food web. First, we need to 
introduce a general framework for the application of 
the inverse machinery. 

GENERAL FRAMEWORK OF APPLICATION 

Generic model of the oceanic food web 

To make full use of the capabilities of the inverse 
methodology, we designed a compartmental model 
that is potentially applicable to any food web system 
(Fig. 1). The generic model contains all possible flows 
connecting the biotic and abiotic compartments. The 
inverse solution will remove (zero) any flow that is not 
required to conserve mass and satisfy basic biological 
constraints. Five biotic compartments are identified: 
autotrophs, bacteria, protozoans (microflagellates and 
ciliates), microzooplankton and mesozooplankton. 
Operationally, the microzooplankton are the meta- 
zoans that can be caught in a water bottle (<200 pm in 
linear dimensions). Mesozooplankton are the meta- 
zoans >200 pm captured by plankton nets. The model 
includes compartments for the particulate detrital 
material and the dissolved organic matter. Estimates of 
C and N content are assumed available for all the 
compartments. In addition, the model includes com- 

Generlc food web model Sea surface 

Euphohc zone 
, . . . - - . . . . . . . 
Aphot~r  zone 

Fig. 1. Generic model of planktonic food webs in stratified 
waters. The compartments are: autotrophs (A), bacteria (B). 
protozoans (P), microzooplankton (Mi), mesozooplankton 
(Me), detritus (D), dissolved organic matter (DOM), nitrate 
(No3) and ammonium (NH4). The letters C and N inside the 
boxes for the living compartments designate the flows that 
regenerate inorganic forms of those elements, i.e. respiration. 
(F) Inter-cornpartmental flows of C and N; (- - - - D )  flows of 

C only; (.-- 4) N flows 

partments for nitrate, replenished from outside sources, 
and ammonium, a product of heterotrophic metabolism 
that is regenerated locally (Dugdale & Goering 1967). 

We assume that in the open ocean, the pelagic 
ecosystem is in quasi-steady state (Eppley & Peterson 
1979). The food web resides in a homogeneous mixed 
layer overlying nitrate-rich deep water. Horizontal 
mixing and advection are neglected. The only external 
exchanges are vertical; particulate organic matter sinks 
to the deep water and its nitrogen equivalent is 
replaced by upward diffusion of nitrate. The food web 
is driven solely by primary production; allochtonous 
inputs of organic matter are assumed negligible. 

The network of potential flows includes respiration, 
excretion of dissolved organic material, and particulate 
losses to detritus by all living compartments, and 12 
predator-prey flows. The feeding fluxes are initially 
constrained only by the size of the food particles: the 
protozoans, microzooplankton and mesozooplankton 
are taken to feed indiscriminantly on any compartment 
that contains particles of a size range accessible to 
them (Isaacs 1973). Hence, the protozoans can feed on 
the autotrophs, bacteria and detritus, but not on the 
micro- or mesozooplankton. The mesozooplankton, on 
the other hand, have access to all the particulate com- 
partments, except bacteria (King et al. 1980, Boak & 
Goulder 1983, Roman 1984). Mesozooplankton produc- 
tion is treated as a net export from the food web. 

An important consideration is that organisms do not 
necessarily process materials such as C and N at the 
same rate (Corner & Davies 1971, Lancelot & Billen 

Table 1. Key to the state variables of the generic food web 
model 

No. Compartment or flux Element 

1 Particulate organic matter C 
2 Autotrophs C 
3 Bacteria C 
4 Protozoans C 
5 Microzooplankton C 
6 Mesozooplankton C 
7 Detritus C 
8 Dissolved organic matter C 
9 Autotrophs N 

10 Bacteria N 
11 Protozoans N 
12 Microzooplankton N 
13 Mesozooplankton N 
14 Detritus N 
15 Dissolved organic matter N 
16 Ammonium N 
I7 Net primary production C 
18 Net primary production N 
19 Gross pnrnary production C 
20 Sedimentation C 

- 
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1985). Therefore, rates of respiration, excretion and 
egestion, in fact any process involved in the break- 
down and metabolization of biomass, are likely to 
necessitate separate parameters for C and N. On the 
other hand, fluxes of whole particles (ingestion, sink- 
ing) can be described by a single parameter for both 
materials. We assume 'respiration' and excretion of N 
by autotrophs to be negligible, in accordance with 

current conceptions of the physiology of nutrient- 
limited microalgae (Fogg 1983). 

In computing the inverse solution, w e  assume that, at  
a minimum, estimates of the C and N content of the 
various compartments and of the rates of primary pro- 
duction and sedimentation are available. The state 
variables and parameters of the generic model are 
listed in Tables 1 and 2. Note that the PON and N o 3  

Table 2. Key to the flows in the generic food web model 

No. Description Element Type' Notes 

1 Gross primary production C 2 
2 Autotrophc nitrate uptake N 2 
3 Autotrophic ammonium uptake N 2 
4 DOM uptake by bacteria C, N 1 
5 Bacterial ammonium uptake N 2 
6 Autotrophic respiration C 1 
7 Bacterial respiration C 1 
8 Protozoan respiration C 1 
9 Microzoop. respiration C 1 

10 Mesozoop. respiration C 1 
l l Bacterial regenerabon N 1 Inorganic excretion 
12 Protozoan regeneration N 1 Inorganic excretion 
13 Microzoop. regeneration N 1 Inorganic excretion 
14 Mesozoop. regeneration N 1 Inorganic excretion 
15 Autotrophic excretion C 1 
16 Bacterial excretion C 1 
17 Protozoan excretion C 1 
18 Microzoop. excretion C 1 
19 Mesozoop. excretion C 1 
20 Bacterial excretion N 1 Organic excretion 
21 Protozoan excretion N 1 Organic excretion 
22 blicrozoop. excrebon N 1 Organic excretion 
23 Mesozoop. excretion N 1 Organic excretion 
24 Dissolution of detritus to DOM C, N 1 
25 Auto. detritus production C, N 1 Mortality 
26 Bact. detritus production C, N 1 Mortality, particle aggregation 
27 Protozoan egestion C 1 
28 Microzoop. egestion C 1 
29 Mesozoop. egestion C 1 
30 Protozoan egestion N 1 
31 Microzoop. egestlon N 1 
32 Mesozoop. eges t~on N 1 
33 Grazing of auto. by protozoans C, N 3 
34 Grazing of auto. by rnlcrozoop. C ,  N 3 
35 Grazing of auto. by mesozoop. C, N 3 
36 Grazing of bact. by protozoans C ,  N 3 
37 Grazing of bact. by microzoop. C, N 3 
38 Grazing of detr. by protozoans C, N 3 
39 Grazing of detr. by microzoop. C, N 3 
40 Grazing of detr by mesozoop. C, N 3 
41 Grazing of prot. by microzoop. C. N 3 
42 Grazing of rnicroz. by rnesozoop. C.  N 3 
43 Grazing of auto. by mesoz. C. N 3 
44 Export of mesozoop. prodn. C ,  N 3 
45 Sedimentation C ,  N 4 

' Type is the representation of the flow in the difference equations that descnbe the fluxes of materials in the generic 
compartmental model (see Appendix).l: 1st-order, proportional to source compartment [T-l]; 2: 1st-order, proportional to sink 
compartment [T-'1; 3: 2nd-order, proportional to source and sink compartments [M L-2 T-l]; 4 :  1st-order, proportional to 
volumetric concentration of detritus in euphotic zone [L T-'1 



Mar. Ecol Prog. Ser. 42: 269-287, 1988 

compartments are missing from the list. Preliminary Generic constraints o n  food web processes 
attempts at inverse solutions using the full model 
showed that mass balance conditions on these 2 varia- We note that the signs (directions) of the flows are 
bles were redundant. Consequently, they were ignored determined a priori by the structure of the model, not 
in subsequent attempts to solve for the fluxes in the by the solution. The simplest solution, on the other 
generic model. We now give a brief description of the hand, generally includes negative parameters. There- 
constraints that supplement the basic mass balance fore, the basic constraint that must be applied to any 
observations. inversion of food web data is that all the solution 

Table 3. Generic constraints on food web processes 

Constraint on 

Respiration 
Respiration 
Respiration 
Respiration 
Excretion 
Excretion 

Dissolution 
Assirmlation efficiency 

Net production efficiency 
Gross prodn. efficiency 

Gross prodn. efficiency 
Ingestion 
Ingestion 
Ingestion 
C : N of respiration (wt/wt) 

C : N of egestion (wt/wt) 

for Units Lower bound Upper bound 

~u to t rophs '  mgC m-' d-l 5 '10 of GPP 30% of GPP 
Protozoans2 O/O body C d-' 6.4 e o . 0 6 9 3 ~  None 
~ i c r o z o o p . ~  O/o body C d-l 7.2 e0 0693T None 
~ e s o z o o p . ~  O/O body C d-' 2.3 eo.0693~ None 
~ u t o t r o p h s ~  mgC m-' d-l 5 % of GPP 50 '10 of GPP 
Protozoans, 
Metazoans4 mgC m-2 d-' 1/3 of Resp. Respiration 
Detritus5 % d-' None 1 % d-' 
Protozoans, 
~ e t a z o a n s ~  50 % 90 % 
Bacteria 10 % 60 % 
Protozoans, 
Microzoop.' 10 % 60 % 
~ e s o z o o p . ~  None 40 % 
~ r o t o z o a n s ~  None 546 eo.0693~ 
~ i c r o z o o ~ . ~  None 73 eo .0693~ 

~ e s o z o o ~ . ~  None 24 eo 0 6 9 3 ~  

Bacteria 
Protozoans 
Metazoans" 
Protozoans, 
Metazoans" 

% body C d-' 
% body C d-' 
'10 body C d-' 

McAllister et  al. (1964), Humphrey (1975), Bannister (1979), Bunis (1980), Malone (1980), Blasco et al. (1982) 
Minimum respiration demand calculated for a size range using the formula of Platt et  al. (1984). See text for details. Size- 
dependent functions to describe basal respiration in unicellular and multicellular planktonic organisms were taken from 
Hernmlngsen (1960). Assumed size ranges for compartments were 0.2 to 2 pm for bactena, 2 to 64 pm for protozoans, 64 to 
200 pm for microzooplankton, and 200 to 2000 pm for mesozooplankton (Sieburth et al. 1978). For the purposes of the 
calculation, linear dimensions were transformed to fresh weight assuming that organisms are perfect spheres, and C content 
was taken as 10 % of fresh weight. The table gives the m i m u m  respiration rates for a temperature of 0°C. The temperature 
correction assumes a Qlo  of 2 (Ivleva 1980, Vidal 1980, Ikeda 1985) 
Herbland (1975), Fenchel & Jsrgensen (1977), Iturriaga & Hoppe (1977), Mague et al. (1980), Joint & Morris (1982), Van Es & 
Meyer-Reil (1982), Lancelot & Billen (1985) 
Conover (1966), Hargrave (1971), Seto & Tazaki (1971), Field (1972), Koefoed (1975), Dagg (1976), Lampert (1978), Copping 
& Lorenzen (1980), Taylor et al. (1985) 
Hanison (1980) 
Corner & Davis (1971), Seto & Tazaki (1971). Gabbott & Holland (1973), Dagg (1976), Conover (1978), Ross (1982), Stoecker 
(1984) 

'Bacteria: Herbland (1975). Payne & Wiebe (1978), Billen et al. (1980), Newel1 et al. (1981). Sorolun (1981), Joint & Morns 
(1982), Robinson et al. (1982), Van Es & Meyer-Rei1 (1982), Lancelot & Bden (1985), Bjernsen (1986). Protrozoans: Seto & 
Tazaki (197l), Calow (1977), Kopylov & Moiseev (1980), Fenchel (1982), Rassoulzadegan (1982), Sherr et  al. (1983). Fenchel 
(1982), Rassoulzadegan (1982), Sherr et al. (1983), Caron et al. (1985). Microzooplankton: Droop & Scott (1978), Scott (1980) 
Conover (1968), Corner & Davies (197 l ) ,  Gabbott & Holland (1973), Conover (1978), Banse (1979), Jespersen & Olsen (1982) 
Maximum ingestion rates calculated from size-dependent functions for protozoans (Fenchel 1980) and metazoans (Ikeda 
1977) as  for basal respiration above 

'O Corner et al. (1965), Conover & Corner (1968), Ikeda (1974), Nival et  al. (1974), Dagg (1976), Ikeda & Mitchell (1982), Ross 
(1982), Gaudy & Boucher (1983), Hirche (1983), Small et al. (1983), lkeda (1985), Lancelot & B~llen (1985) 

l '  Knauer e t  al. (1979). Paffenhofer & Knowles (1979), Turner & Ferrante (1979), Knauer & Martin (1981), Small et al. (19831, 
Checkley & Entzeroth (1985) 
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components are non-negative (20) .  We also add other 
constraints to our generic set based on a review of the 
ecophysiological literature (Table 3) .  

A fundamental constraint is that living organisms 
must respire a minimal fraction of the energy they 
capture for maintenance needs. For autotrophs, dark 
respiration can be expressed as a fraction of the gross 
primary production (Table 3).  For heterotrophs, we 
used the method of Platt et al. (1984) to anive at a 
plausible estimate of the aggregate mlnimal energy 
demand of the compartments. Briefly, respiration is 
predicted from size-dependent functions and inte- 
grated over a size range by assuming a simple mono- 
tonic size distribution of biomass. We set size ranges for 
each compartment (Sieburth et  al. 1978) and assumed, 
to be conservative, that biomass was uniformly distri- 
buted over logarithmic size intervals (Sheldon e t  al. 
1972, Rodriguez & Mullin 1986). Keeping the size 
range and the size distribution constant, the biomass- 
specific respiration [T-'1 of each compartment becomes 
a constant multiplied by a temperature correction fac- 
tor (Table 3). In the case of bacteria, the fraction of the 
measured biomass that is active is highly uncertain 
(Van Es & Meyer-Reil 1982). Therefore, we assumed, 
again to be conservative, that only 30 % of the bacterial 
biomass was active in computing minimum bacterial 
respiration. We used the same size-dependent integra- 
tion technique to compute ceilings on the biomass- 
specific ingestion rates of protozoans and metazoans 
(Table 3). 

We also know that there are limits to the efficiency of 
heterotrophic transformations. In the first place, some 
fraction of the material ingested by phagotrophs is 
always lost in particulate egesta. Also, the assimilated 
material is subjected to respiration and excretion losses 
before it is turned into biomass. Theoretically, the C 
growth efficiency can range from 0 to 80 % (Calow 
1977). The published experimental data, however, sug- 
gests that these extremes are rarely reached. There- 
fore, we used the literature to define somewhat 
narrower bounds (Table 3).  

All planktonic organisms excrete organic metabolites 
that enter the pool of dissolved organic matter. There 
has been considerable interest recently in the excretion 
of DOC by autotrophs (Fogg 1983). The literature sug- 
gests that from anywhere between 1 to > 100 % of gross 
primary production is in soluble form. We discarded 
infrequent extreme results to anive  at  a smaller range 
of possibilities (Table 3). There is much less informa- 
tion on excretion by heterotrophs. The existing data 
suggest that DOC losses by protozoans and metazoans 
can be  as high or higher than respiration and do not fall 
below 20 % of respiration. Therefore, w e  set limits to 
excretion by grazers in relation to respiration (Table 3). 
No constraints (other than non-negativity) were put on 

bacterial DOC excretion as we did not find enough 
information on it. We also assumed an upper limit to 
the supply of dissolved organic matter from degrada- 
tion of dead particulate matter (Table 3).  

There are also limits to the variations in the C : N  
ra t~os  of physiological fluxes. The considerable infor- 
mation on the C :  N composition of fecal pellets and on 
the ratios of O2 consumption to ammonium regenera- 
tion of zooplankton suggests some broad ranges for the 
C : N ratios of egestion and respiration fluxes for micro- 
and mesozooplankton (Table 3). In the virtual absence 
of similar information, the same ranges of ratios are 
applied for the egestion and respiration of protozoans 
and for bacterial respiration. The C :  N ratio of DOM 
excretion is left unconstrained due  to the lack of perti- 
nent data. 

Similarly, w e  have no copstraints other than non- 
negativity on the productioh of detrital material by 
autotrophs and bacteria, and on the predation fluxes. 
One could put selectivity constraints on the ingestion of 
particulate material, but w e  chose not to do this 
because of the paucity of in situ data on feeding pre- 
ferences by planktonic organisms and the responsive- 
ness of feeding behaviour to food availability which 
makes generalizations difficult (Poulet 1983). We pre- 
sent this as our minimum set of constraints for the 
inversion of food web data. 

APPLICATIONS 

We now turn to the application of the methodology 
outlined above to the data on the structure and pro- 
ductivity of 2 food webs near the English coast. These 
data sets are among the most complete assessments of 
the biomass of all the major groups of planktonic 
organisms, including microheterotrophs, available so 
far. The observations were gathered in stratified 
waters in late summer, at a time when planktonic 
systems could be expected to reach a quasi-steady 
state. Both sets of observations are snapshots of their 
respective environments. On one hand, they fit our 
requirement that the time and space scales of the 
observations are small enough to exclude strong non- 
linearities in the food web dynamics. On the other 
hand, the scale of observation may be too small: the 
numbers may be biased by local patchiness (Platt & 

Conover 1971, Platt & Denman 1980) and transient 

spatio-temporal separation of different food web com- 
ponents (Mullin & Brooks 1976, Cox et  al. 1983). Also, 
we assume in these analyses that the food web is in 
steady state, but the temporal changes in the structure 
of the food web are not documented in either data set. 
These data are not offered a s  the best currently avail- 
able or as the best possible for the inversion methodol- 
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ogy. They are used merely to illustrate the procedure 
and its scope; the flow networks we derive should be 
regarded as tentative. 

Food web fluxes in Ule western approaches 
to the English Channel 

Our first application is to the data of Hohgan et al. 
(1984a, b) that describes the food web of Stn E5 
(4g005'N, 6"37'W), located in stratified, relatively 
chlorophyll-poor waters west of the Ushant tidal front 
in the English Channel. Table 4 gives a summary of the 

Table 4. Food web data for Stn E5, English Channel. Units of 
estimates are mg m-2 for standing stocks and mg m-2 d-' for 

fluxes. Adapted from Holligan et al. (1984a, b) 

Variable Estimate 

Physical environment 
Temperature ('C) 
NO3-N concentration 
NO3-N gradient (mg m-4) 

Standing stocks 
Particulate organic C 
Particulate organic N 
Autotroph C 
Bacterial C 
Protozoan C 
Microzooplankton C 
Microzooplankton N 
lMesozooplankton C 
Mesozooplankton N 
DOC 

Fluxes 
Gross primary production 
Net primary production 

data for the surface waters (0 to 24 m) of Stn E5. The 
data include estimates of particulate organic carbon 
(POC) and of its partitioning among the major tax- 
onomic categories of plankton. Particulate organic ni- 
trogen (PON) was measured as well as the organic N 
content of micro- and mesozooplankton. We calculated 
the average temperature, the NO3 concentration and 
the NOa gradient from digitizations of the vertical pro- 
files shown in Holligan et al. (1984a). For primary 
productivity estimates, we used the median of the val- 
ues recorded over a period of several days in the area 
(Holligan et al. 198413, Newel1 & Lnley 1984). We took 
O2 exchanges to measure gross production and 14c 

uptake to measure net production (Williams et al. 1983. 
Smith et al. 1984). Sedimentation was estimated from 
the empirical function of Betzer et al. (1984) which 
indicates that the C flux across the base of the euphotic 
zone amounts to nearly 40 % of the C produced. Tlvs 

agrees with the esbn~ate of the new production in that 
system based on analyses of the NO3 vertical profiles 
(Holligan et al. 1984b). 

The biomass data did not include assessments of 
detrital matter, DON, and of N in phytoplankton, bac- 
teria, and protozoans. We converted the C contents of 
the microheterotrophs to N content using an average 
C : N  ratio (wt/wt) of 4.25 (Fenchel & Harrison 1976, 
Heinbokel 1978, Finlay & Uhlig 1981, Lancelot & Billen 
1985). The C :  N ratio of DOM is highly variable 
(Wilhams 1975, Jackson & Williams 1985). The data of 
Jackson & Williams (1985) show that DOM is almost 
invariably N-depleted relative to the particulate 

Fig. 2. Resolutions of the mass balance observations for the 
data of Stn E5. Resolutions can range from 0 to 1 and measure 
the contribution of each observation to the inverse solution. A 
resolution near 0 indicates that the observation carries very 
little weight in the solution. The numbers on the abscissa refer 

to the observations (state variables) listed in Table 1 

PARAMETERS 

Fig. 3 .  Parameter resolutions for the data of Stn E5. Resolu- 
tions range from 0 to 1 and indicate the contribution of the 
mass balance observations as a whole to the final estimate of 
each food web flux. Estimates with resolutions near 1 are 
largely fixed by the mass balance constraints alone; those with 
resolutions near 0 are mostly dependent on the additional 
biological constraints. Numbers on the abscissa refer to the 

parameters listed in Table 2 
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material. We assumed a C :  N of 12 (wt/wt) to convert 
from DOC to DON concentration. The C : N  ratio of 
phytoplankton was set at  8.0 (Holligan et al. 1984b). 
Once these conversions are made, the C and N in the 
detritus can be calculated by difference between the 
content of the particulate organic matter and that of the 
living compartments. We recognize that the phyto- 
plankton C : N  can vary substantially depending on 
their nutritional state (Goldman et al. 1979, Lancelot & 
Billen 1985). Our only defense is that the aspects of the 
inverse solution discussed below are insensitive to 
different assumed phytoplankton C :  N ratios. 

There is little variation in the resolving power of 
the 20 state variables in the generic food web model 
(Fig. 2).  Almost all the resolution indices are 1. The only 
exceptions are the resolutions for the mass balance 
conditions on phytoplankton N biomass and N assimi- 

A Stn €5. Engllsh Channel - Inverse solutrdn 
C f lu res  [mg m-* d.'] 

Sea surface 

Euphot~c zone 
. . . . . . . . . . . . .  
Aphot~c zone 

Fig. 4 .  Inverse solution for the food web fluxes at  Stn E5. 
Panels portray: (A) C flows; (B) N flows; and (C) C :  N ratios 
(wt/wt) of flows. Flows are given In mg  m-2 d - l  Numbers 
inside boxes refer to respiration flows (see Fig. 1 for defini- 

tions of the compartments) 

lation which are -0.5 each. These 2 conditions are not 
independent. Therefore, there are 19 independent 
mass balance conditions on the inverse solutions, not 
20 as initially posed. 

The parameter resolutions are as expected: they are 
highest for the measured or specified fluxes (primary 
production, sedimentation) and for those that involve 
large standing stocks (mesozooplankton, detritus, 
DOM) (Fig. 3). The fluxes through the bacteria, proto- 
zoans and microzooplankton compartments are the 
most sensitive to the a prjori information. The inverse 
estimates for those fluxes are likely to vary substan- 
tially depending on the conditions imposed in addition 
to the mass balance constraints (e.g.  biological con- 
straints) or the criterion used to derive the solution (e.g.  
maximum simplicity). On the other hand, the estimates 
with high resolutions will tend to be  similar among 

B Stn E5.  Engllsh Channel - Inverse so lu t~on 
N f lures [mg W 2 d - ' ]  Sea surface 

5 L 
I + 

Export 

............... 
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............... 
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alternative solutions. This will hold true as long as the 
biomass structure of the food web is held constant: 
significant changes in the partitioning of C and N 
among the compartments will alter the solution and its 
resolution structure. 

The inverse solution for the food web fluxes is shown 
in Fig. 4. The striking feature is that the microbial 
grazers appear as the major link in the transport of C to 
the mesozooplankton (Fig. 4A):  close to 70 % of the 
mesozooplankton demand is supplied by the rnicrozoo- 
plankton and the protozoans. The bacteria themselves 
are not a major link: they supply only 24 % of the 
micrograzer demand and, indirectly, 17 O/O of the C flux 
through the mesozooplankton. Virtually all of the par- 
ticulate primary production finds its way directly or 
indirectly to the mesozooplankton, where a large pro- 
portion is unassimilated and serves to feed the down- 
ward C flux. Simple mechanistic arguments suggest 
that, in some systems at least, most of the vertical flux is 
mediated by zooplankton fecal pellets (Turner & 
Ferrante 1979, Fowler et  al. 1987). The inverse solution 
for Stn E5, generated from a mass balance approach to 
food web dynamics, supports this description of the 
source of the downward particulate flux. 

On the other hand, the inverse solution paints an  
anomalous picture of N cycling in the food web of 
Stn E5. The bulk of the empirical evidence suggests 
that most, if not all, of the regenerated N is supplied by 
the microplankton in marine food webs (Harrison 1980, 
Glibert 1982). In the inverse solution, the mesozoo- 
plankton supply 66 % of the regenerated N (Fig. 4B), 
even though their share of the respiration is only 20 %. 
As noted above, most of the primary production is 
routed to the mesozooplankton via the N-rich micro- 
grazers. As a result, the mesozooplankton can afford a 
low N retention efficiency, as reflected in their high 

Fig. 5. Reslduals of the mass balance conditions 
for alternative inverse solutions of the food web 
dynamics of Stn E5 (English Channel) in late 
August. For each condtion (equation), open bar 
is the residual for the generlc solution (Flg. 1); 
solid bar is the residual for the solution under 
the additional constraint that microplankton re- 
generation alone balances the uptake of re- 
duced N by phytoplankton and bacteria. Num- 
bers on abscissa refer to the state variables listed 

in Table 1 

ratio of inorganic N excretion to C respiration (Fig. 4C). 
This is the most parsimonious avenue that balances the 
N budget and maintains the food web structure 
observed at Stn E5. 

As a preliminary assessment of the robustness of this 
unconventional result, we attempted an inverse solu- 
tion with the additional constraint that microplankton 
regeneration balances the uptake of reduced N by 
phytoplankton and bacteria, i.e. there is a tight cou- 
pling between demand and supply by the microplank- 
ton (Glibert 1982). The residuals of the mass balance 
conditions for the solutions with and without coupling 
are shown in Fig. 5.  The tight coupling solution resulted 
in consistently larger residuals and unacceptably large 
imbalances in certain compartments. The equations are 
incompatible; that is, there are no solutions that will 
balance the mass flows and maintain the structure of 
the food web under the tight coupling constraint. There 
are inverse solutions, based on criteria other than max- 
imum parsimony, that allow a larger share of the regen- 
eration by the microplankton (Vezina & Platt unpubl.). 
However, it appears that, from a mass balance point of 
view, the mesozooplankton are an essential part of N 
recycling in the euphotic zone of Stn E5 in August. 

Food web fluxes in the Celtic Sea 

Our second example is from the Celtic Sea, Stn CS2 
(50" 30' N, 07" 00' W). The published standing stock 
data (Table 5; Joint & Pomroy 1983, Joint & Williams 
1985) are less comprehensive than at Stn E5. There is 
no information on DOC levels or on the organic N 
content of the compartments. The DOC concentration 
was arbitrarily fixed at 1 mg C 1-l, a representative 
value for the ocean (Williams 1975). We assumed a 

TN ES. ENGLISH CHANNEL 

EQUATIONS 
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Table 5. Food web data for Stn CS2, Celtic Sea. Units as in 
Table 4 .  Adapted from Joint & Pomroy (1983) and Joint & 

Williams (1985) 

Variable Estimate 

Physical environment 
Temperature ("C) 16 
NO3-N gradient (mg m-4) 0.06 

Standing stocks 
Particulate organic C 625 
Autotroph C 918 
Bacterial C 50 
Protozoan C 144 
Microzooplankton C 166 
Mesozooplankton C 1033 

Fluxes 
Net pnmary production 585 
Soluble pnmary production 7 2 
Bacterial production 10 

C : N  conversion factor of 4.25 (wt/wt) for both the 
microheterotrophs (see above) and the zooplankton 
(Raymont et  al. 1964, Beers 1966, Dagg 1976, Ross 
1982, Hirche 1983, Small et  al. 1983, Bottrell & Robins 
1984, Checkley & Entzeroth 1985). The C : N  ratios of 
POM and phytoplankton were set a t  8.0 as for Stn E5. 
The productivity data includes particulate and soluble 
14C production and estimates of bacterial C production 
(Table 5 ;  Joint & Pomroy 1983). For primary produc- 
tion, we used the median of the values recorded over 
the late summer (July-August); the bacterial produc- 
tion rate is the average of measurements on 2 separate 
dates in late August. Gross primary production was 
calculated by assuming that respiration losses were 
identical to the excretion losses measured. Sedimenta- 
tion was computed from the algorithm of Betzer et  al. 
(1984) as before. The information on autotrophic DOC 
excretion and bacterial production was incorporated as 
additional mass balance constraints. 

The inverse solution for Stn CS2 is shown in Fig. 6. In 
this solution, the constraint on bacterial production was 
ignored. In our first trials, w e  found that the estimate of 
bacterial production was incompatible with a balanced 
flow network. Joint & Williams (1985) concluded, on 
the basis of the extremely low bacteria production rates 
reported by Joint & Pomroy (1983), that the microbial 
loop did not contribute significantly to the production 
of higher trophic levels. The rates were inferred from 
thymidine incorporation data using very conservative 
conversion factor values, especially for bacterial carbon 
content. If more common conversion factors are used 
(H. Ducklow pers. comm.), the average measured rate 
(Table 5) is brought very close to that inferred from the 
inversion (100 vs 126 mg C m-2 d-l). The inversion 
procedure was able to detect a n  inconsistency in the 

data set that can be  supported by independent con- 
siderations. 

The inverse solution for Stn CS2 is structurally almost 
identical to that of Stn E5, with differences only in the 
quantitative details. The mesozooplankton again are 
the dominant source of falling detrital material (Fig. 
6A). As before, bacteria constitute a small indirect 
source of C for the mesozooplankton, supplying 12 O/O 

of their demand. The major difference between the 
solutions for E5 and CS2 is that the mesozooplankton at  
CS2 obtain most of their C directly from the phyto- 
plankton instead of indirectly through the micro- 
grazers. In general, the mesozooplankton account for a 
larger share of the C fluxes at  CS2 than a t  E5; they also 
hold a larger proportion of the biomass at  CS2. In both 
stations, however, the general C flow pattern is the 
same: the primary production is routed, directly or 
indirectly, to the mesozooplankton where a significant 
unassimilated fraction is the dominant contribution to 
the downward flux. 

According to the inverse solution, the mesozooplank- 
ton dominate N regeneration a t  CS2 (Fig. 6B) as they 
do at  E5. The pattern in the C :  N ratios of respiration/ 
regeneration fluxes was the same as  at  E5, indicating 
that the microheterotrophs are more efficient at  retain- 
ing N than the mesozooplankton (Fig. 6C). Again, the 
tight coupling model, which assumes that microplank- 
ton supply balances the demand for reduced N, proved 
incompatible with the available data and the steady 
state assumption. Mesozooplankton regeneration is 
essential to compensate for N demand in thdl system. 

CONCLUSION 

This first application of the inverse formalism to food 
web data suggests a common pattern of material fluxes 
in the surface waters of coastal systems in late summer: 
the particulate primary production flows, directly or via 
the efficient micrograzer pathway, to the mesozoo- 
plankton that in turn fuel most of the downward par- 
ticulate flux and N regeneration. Except for the N 
regeneration pattern, these inverse flow networks are 
in accord with current general concepts of material 
cycling in pelagic systems. T h s  is to be expected. 
Inverse methods are powerful diagnostic tools that 
allow investigators to assimilate data within the 
framework of independently corroborated models. 
They are not meant to test models or hypotheses or 
reveal new phenomena. This is the province of planned 
experiments and theoretical analyses. In general, dis- 
crepancies between inverse solutions and empirical 
knowledge should not be  interpreted in favor of the 
inverse solution. 

Nevertheless, the application of inverse methods 
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may sometimes expose that certain data or empirical 
generalizations conflict with an internally consistent 
interpretation of the data. We presented 2 examples of 
such a situation: (1) the bacterial production estimates 
for Stn CS2, and (2) the generalization that micro- 
plankton regeneration is tightly coupled to N demand. 
In the former case, there was independent support for 
treating the production estimate as erroneous. In the 
latter case, there may be a number of possible explana- 
tions, including problems with the data. For example, 
the inverse solution is sensitive to the s tand~ng stocks 
assigned to the various compartments and the biomass 
of the microbial components may have been grossly 
underestimated (Sherr et al. 1986). On the other hand, 
the inverse method may be diagnosing a situation 
where the generalizahon does not hold. Independent 
confirmation of this would be required. 

8 S t n  CS2. Cel t lc  s e a  - l n v e r s e  solut ron 
N f l u x e s  [mg m - 2 d - 1 ]  

Sea surface 

. 
I 

Export 
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Fig. 6. Inverse solutlon for the food web fluxes at Stn CS2 

A most important contribution of inverse methods is 
that they provide the foundation for an effective com- 
parative analysis of food web dynamics in marine sys- 
tems. It is important to realize that, in comparative 
analyses of marine food webs, we are dealing with 
differences among alternative models of the dynamics 
at one site as much as differences among sites. To our 
knowledge, the inverse method is the only method that 
provides a systematic way of compa1-ing flow networks. 
We know that the inverse solutions for the different 
food webs being compared are the simplest solutions 
compatible with the site-specific data and generally 
applicable constraints. Other criteria than the principle 
of parsimony can be used to derive solutions (Vezina & 
Platt unpubl.). The point is that we can classify alterna- 
tive soIutions as well as ecosystems. This is very irnpor- 
tant in view of the growing interest into holistic 
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measures of ecosystem structure and function 
(Ulanowicz & Platt 1985) that are computed from flow 
networks. 

Naturally, we should work to reduce the indetermi- 
nacy of the solution, that is, increase the ratio of the 
number of independent observations (k) to the number 
of unknowns (n). One way to achieve this would be to 
add more independent estimates of in situ fluxes. 
Unfortunately, such measurements are obtained mostly 
from incubation methodology that suffers from many 
well-known limitations in terms of accuracy (Ducklow 
et al. 1986) and sampling resolution (Jenluns & Gold- 
man 1985, Platt & Harrison 1985). A more fruitful 
approach may be to incorporate observations of addi- 
tional tracers, as long as they do not introduce new 
unknowns faster than they decrease the indeterminacy 
in the solution. For example, using only C for the 
inversion of Stn E5, k :  n is 0.27; adding N increased the 
ratio to 0.40. The returns decrease rapidly when tracers 
that have basically the same history through the food 
web are introduced (for example, adding P would 
increase the k : n  to 0.46 only). However, the inverse 
formalism can accomodate information on tracers of 
specific biological, chemical and physical processes; 
for example, O2 and CO2 for primary production and 
respiration (Shulenberger & Reid 1981, Jenluns 1982, 
Brewer et  al. 1986), chlorophyll and degradation pro- 
ducts for herbivory (Wang & Conover 1986), and 
isotopic Thonum for sedimentation (Coale & Bruland 
1987). 

In many ways, inverse methods are the natural tool 
for the growing use of tracers to infer estimates of 
biological fluxes in marine systems. Simultaneous 
treatment of different tracer observations in a unified 
framework reduces the number of arbitrary boundary 
conditions that must be introduced to compute fluxes. 
Furthermore, inverse techniques deal effectively with 
the errors and redundancies in the information, ensure 
internally consistent interpretations, and facilitate the 
exploration of alternative networks consistent with the 
data. Awareness of the capabilities of inverse methods 
should promote a unified approach to the study of the 
physical, chemical and biological aspects of bio- 
geochemical cycling in the ocean and encourage the 
design and implementation of interdisciplinary obser- 
vational programs (Intergovernmental Oceanographic 
Commission 1984). 

APPENDIX 

Setting up the food web inverse problem. The food 
web compartmental model is translated into difference 
equations that are functions of state variables (xi) and 
rate parameters (K,): 

In the linear case, the system of difference equations 
that describes the food web fluxes can be expressed in 
compact matnx notation: 

where A = an m X n matrix that contains the state 
variables; r = an n X 1 vector of the unknown r,'s; b = 

an m X 1 vector of the Ax;lAt  terms. Prior estimates of 
primary production and other flows can be used in the 
inversion in one of two ways. Measurements of indi- 
vidual fluxes can be lumped with the Ax,/A t terms on 
the right-hand side of the affected mass balance equa- 
tions and the corresponding q terms dropped from the 
equations. Alternatively, additional equations that 
specify the value of the flow (Q), 

can be appended to the mass balance equations. This is 
the only method available when measurements refer to 
a compounding of several flows. This method is also 
best for dealing with uncertainties in the observational 
data. Let m refer to the number of equations in the 
expanded set. Then b represents the flows and the 
standing stock changes that are fixed by observation or 
assumption, and will be termed here the dynamic vec- 
tor. A represents the average state of the food web over 
the temporal a n d  spstial scale of observation and is 
designated here as the state matrix. Thus, Eq. (2) is a 
statement of the relationship between the state of the 
food web and its known or assumed dynamics and will 
be called the continuity equation. 

In addition to the observational data, we need to 
specify a set of inequality constraints on the parameters 
that represents our prior knowledge of the food web 
processes. Most useful constraints can be described as 
linear inequalities of the form: 

where gi, = the coefficients of the inequality; h, = the 
lower bound condition that the inequality must meet. 
The inversion procedure can only solve for lower- 
bound inequalities; an upper-bound condition can be 
changed to a lower bound by multiplying the inequal- 
ity through by - 1. Expressing the set of n, inequalities 
in matrix form, we have: 

where G = the n, X n matnx of coefficients; h is the 
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n, X 1 vector of inequality conditions. Eq. (5) is termed 
here the constraint equation. 

The continuity and the constraint equations together 
define the conditions that the flow network for the food 
web system must meet. The procedure to compute the 
solution r needed to recover the network flows follows. 

Finding the simplest solution. The constrained 
inversion procedure works in 2 steps. First, the simplest 
solution to the continuity equation is found. The 
inequality constraints are then applied to this initial 
solution to yield a new solution that satisfies both the 
mass conservation and the additional biological con- 
straints. The second solution is more complex than the 
first, but remains the simplest among the biologically 
realistic flow networks. 

If A is square (m = n), the solution to the continuity 
equation is given by: 

In the inverse problem, however, m < n  (fewer equa- 
tions than unknowns), and A-' does not exist. We can 
solve for at most m unknowns explicitly. In practice, 
redundancies and errors in the data reduce the effec- 
tive number of equations available to solve for r. There- 
fore, the index k (k  5 m) is used to designate the 
number of solvable unknowns. 

Nevertheless, we can find a particular solution to the 
inverse problem if we reparametrize the continuity 
equation to express the n q's in terms of k unknowns. 
To do this, the n-dimensional space spanned by the 
original parameters (the columns of A or the parameter 
space) must be reduced to a k-dimensional space. This 
is exactly analogous to data reduction techniques, such 
as principal component analysis, where the information 
contained in multiple observations of a large number of 
variates (dimensions) is re-expressed into a much 
smaller number of transformed variables that are linear 
combinations of the original data. At the same time, 
since usually k<m, we also want to reduce the m 
dimensions spanned by the mass balance equations 
(the rows of A or the observation space) to k dimen- 
sions. By factoring A into k-dimensional subspaces of 
its observation and parameter spaces, we can solve 
explicitly for k unknowns and, knowing the relation- 
ship between those unknowns and the original para- 
meters, we can reconstruct a particular solution to the 
continuity equation. 

This is achieved through the Singular Value Decom- 
position (SVD) of A: 

where U = an m X k matrix containing k independent 
Linear combinations of the rows of A that span the 
observation space; V =  an n X k matrix of linear 
combinations of the columns of A that span the para- 

meter space; L = a diagonal k X k matrix of scaling 
factors (l,, i = 1, . . ., k). Technically, the SVD is the 
solution to a coupled eigenvalue problem (Lanczos 
1961); thus the columns of U and V are commonly 
referred to as the observation and parameter eigenvec- 
tors of A and the 1, terms as the singular values. The 
singular values are ranked in decreasing order along 
the dagonal of L and indicate the proportion of the 
total information contained in A that is accounted for by 
the ith column of U and V, in direct analogy to the 
eigenvalues in principal component analysis that 
denote the proportion of the total variance in the origi- 
nal data that is accounted for by the associated princi- 
pal component. 

With the SVD, the continuity equation can be 
rewritten as: 

which can be solved immediately for r: 

We can now see the formal role of the SVD as a 
reparametrization of the original model. Let 

where c is a k x 1 vector of unknowns that can be 
solved for explicitly as the weighted projection of the 
dynamic vector on the k-dimensional version of the 
observation space. Simplifying Eq. (9) using (10), we 
obtain: 

This equation is a statement of the relationship 
between the k solvable unknowns and the n parame- 
ters that we wish to estimate. 

That the particular solution r is not unique can now 
be seen in a formal way. We could make Vsquare by 
adding n - k  column vectors that are mutually 
independent and independent of the original k columns. 
This new V would be an equivalent representation of 
the parameter space of A. Thus, appending arbitrary 
values to c to increase its length to n would result in a 
new solution that also satisfies the continuity equation. 
The n -k column vectors needed to square Vfill the null 
space of A, the part of the n-dimensional parameter 
space that has no correspondence with the k-&men- 
sional observation space. If we collect these additional 
vectors into a n x  n-k matrix V', we can compute a 
new solution (r,) to the continuity equation as: 

rn = VC + V'd 

or, 

rn = r + V'd (12b) 

where d is a .n - k X 1 vector of arbitrary constants. A n  
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infinity of solutions could be generated just by chang- 
ing the components of d. 

It is also clear that r will be the simplest among all 
non-trivial solutions to the continuity equation. The 
simplicity of a solution, as we described it earlier (abso- 
lute values of the solution components and the differ- 
ences among components as small as possible), is 
geometrically the distance between the point it defines 
in the n-dimensional parameter space and the origin (0) 
representing the trivial solution. Algebraically, this dis- 
tance is measured as the norm of r (Ilrll), where: 

It is evident that the addition of null space terms (V'd) 
can only increase Ilrll, hence the complexity of the 
solution. 

We now have a basis for the derivation of constrained 
solutions. Recall that the additional constraints are 
specified through the constraint equation, 

Since r is fixed as the solution to the continuity equa- 
tion, we wish to re-express the constraint equation in 
terms of the free parameters d. Substitutiong for r,, in 
Eq. (5) we obtain, 

G(r + V'd) r h 
GV'd 2 h - Gr 

Before we proceed, w e  need to construct V', that is to 
generate n - k  independent linear combinations that 
span the null space of A. Given that we have no 
information on the null space, we can fill it with col- 
umns of random numbers that are mutually independ- 
ent and independent of the original k columns. We 
present without proof (see next section) the method of 
Fu (1981) to achieve this. V' is constructed by 
orthogonalizing the following matrix M: 

where P = a n X (n - k) matrix of random numbers. The 
modified Gram-Schmidt method (Nash 1979) can be  
used for the orthogonalization. Let G' = GV' and h '  = 

h -Gr. The result is a new set of linear inequality 
constraints on d: 

G ' d r  h' (14 )  

Since we do not wish to introduce any unnecessary 
complexity into r,, we want to compute the simplest 
possible d that satisfies the inequalities, or: 

Minimize lldll 
subject to G'd 3 h '  

This is a quadratic programming problem that can be 
solved using a least distance algorithm (Lawson & 

Hanson 1974). The vector d can now be substituted into 
Eq. (12) to recover the constrained solution r,. 

Due to errors and redundancies in the data, the 
problem of estimating food web fluxes from observa- 
tional data is really the least-squares problem of find- 
ing the solution r,, that 

minimizes IIAr, - bll 
and Iknll 

subject to Ar, = b 
and Gr, r h 

We assume that the residual errors left by the least- 
squares solution (e) are randomly and independently 
distributed with uniform variance (a2), i.e. e = Ia2 
(unweighted least-squares). There are a number of 
ways one could proceed to find the most appropriate 
least-squares solution (Wunsch 1978). We chose the 
cut-off method (Wiggins 1972). This method exploits 
the fact that the magnitude of the residual error 
(IIAr,-cbll) and the complexity of the solution (Ilr,ll) 
depend on k, the number of dimensions used to re- 
present the observation and parameter spaces of A 
(Fig. Al) .  A disproportionate increase in the complexity 
of the solution for k close to m is diagnostic of noise and 
redundancy in the state matrix. On the other hand, 
rapid increases in the residual norm as k is lowered 
indicate that information required to approximate a 
closed mass flow budget is ignored. We select k to 
discount the effect of uncertainties and redundancies in 

Fig. A l .  Schematic representation of the relabonship between 
the complexity (solution norm, solid line) and the precision 
(residual norm, dashed line) of the solutions to a least-squares 
inverse problem and k, the number of linear combinations of 
the data used in computing the solutions. k' corresponds to 
the solution that best compromises between complexity and 

precision (see text for more details) 
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the observational data while preserving the mass 
balance as much as possible. 

Evaluating the solution. Information on the relative 
contributions of the mass balance equations to the 
inverse solution is contained in the resolution matrix of 
the observations or UUT (Jackson 1972, Wiggins 1972, 
Wunsch 1978). Basically, UUT expresses the relationship 
between the solution obtained from using all m terms in 
the SVD of A (r,,,) and the actual least-squares solution: 

When k = m, UUT is the identity matrix, i.e. the equa- 
tions contribute fully and equally to the solution. For 
inconsistent equations, the diagonal elements vary 
from 0 to 1 and indicate the degree to which the 
associated equation adds independent information to 
the solution. We can also define a resolution matrix for 
the columns of A, W T ,  analogous to that for the rows. 
Here, the diagonal elements give the extent to which 
each parameter is resolved independently of all the 
other parameters in the model. 

The matrix wT is the function that maps the food 
web observations into the parameter space to obtain 
the particular solution. Hence, the matrix I - WT rep- 
resents the part of the parameter space that is not fixed 
by the observations. The rationale behind the formula 
of Fu (1981) to compute the null space vectors (Eq. 15) 
is now clear: I - WT is used to scale columns of ran- 
dom numbers that are then orthogonalized to fill the 
null space. 
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